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Abstract

We consider a two-tensor hydrodynamics derived from the molecular model, where high-order tensors are
determined by closure approximation through the maximum entropy state or the quasi-entropy. We prove
the existence and uniqueness of local in time smooth solutions to the two-tensor system. Then, we rigorously
justify the connection between the molecular-theory-based two-tensor hydrodynamics and the biaxial frame
hydrodynamics. More specifically, in the framework of Hilbert expansion, we show the convergence of the
solution to the two-tensor hydrodynamics to the solution to the frame hydrodynamics.
© 2023 Elsevier Inc. All rights reserved.
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1. Introduction

Liquid-crystal theories are classified by how the local anisotropy is described. For the uni-
axial nematic phase formed by rod-like molecules, the local anisotropy can be described by an
orientational density function, a second-order symmetric traceless tensor, or a unit vector. The re-
sulting hydrodynamics are molecular models (such as Doi—Onsager [7]), tensor models (such as
Beris—Edwards [4] and Qian—Sheng [27]) and vector models (such as Ericksen—Leslie [8,9,16]),
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respectively. The connections between theories at these three levels are studied extensively, both
in the sense of formal expansion [15,10,13] and rigorous limit [38,21,39,20,24,40].

When the molecular shape becomes more complex, other types of nematic phases are also
observed. For these phases, however, the connections between different level of theories are
merely revealed. Let us focus on the biaxial nematic phase on which we will focus throughout
this article. At the coarsest level, it needs to be described by an orthonormal frame field p(x) €
SO (3). Under this description, the form of orientational elasticity [29,11,33] and hydrodynamics
[29,23,6,28,12,17] has been proposed, which we would call frame models. On the other hand,
most molecular models and tensor models (typically with two tensors) are only built for spatially
homogeneous cases, no matter for equilibria [34,26,1,5,35] and hydrodynamics [30-32]. Under
this circumstance, it is not the timing to study the connections between these models.

A couple of recent works construct the spatially inhomogeneous free energy [45] and hydro-
dynamics [49] for bent-core molecules that exhibit the biaxial nematic phase. The free energy
is a functional of three tensors and is derived from molecular interactions, based on which the
molecular model and tensor model for hydrodynamics are built. When we restrain our interest to
the biaxial nematic phase, the order parameters in these models can be reduced to two second-
order tensors. With these models, the very recent work [22] formally derive a biaxial limit of
a molecular-theory-based hydrodynamics [49] using the Hilbert expansion. The biaxial limit
model, written in the coordinates of the frame, is just the frame hydrodynamics given previously.
In the frame model, the numerous coefficients are expressed by those in the tensor model that
have been derived as functions of molecular parameters, and the energy dissipation law is main-
tained in the frame model. The Ericksen—Leslie model can also be recovered as a special case.
Furthermore, armed with the form of frame hydrodynamics in [22], its well-posedness of smooth
solutions in R¥(d =2, 3) and the global existence of weak solutions in R? are shown [18]. The
uniqueness of global weak solutions is also established using the Littlewood—Paley theory [19].

The main goal of this paper is to prove the local well-posedness of smooth solutions to
the molecular-theory-based two-tensor hydrodynamics, and to rigorously justify the connection
between the two-tensor hydrodynamics and the frame hydrodynamics in the sense of smooth
solutions. The main framework of our proof is constructing approximate solutions near the so-
lution to frame hydrodynamics using the Hilbert expansion, then deriving the uniform estimates
for the difference between the exact and the approximate solution. Some new issues arise in
the estimates compared with the uniaxial limit for one-tensor hydrodynamics, which we outline
below.

The molecular-theory-based tensor model requires a stabilizing entropy term in the bulk en-
ergy. The model also involves many high-order tensors. They need to be expressed by the two
order parameter tensors in some way, which is called the closure approximation. In this paper,
we consider two different approaches, that is, using the maximum entropy state [45] and the
quasi-entropy [42] to give the entropy term and the closure approximation. The maximum en-
tropy state is a somewhat standard approach, but is expensive in computation. The quasi-entropy
is proposed as a elementary function substitution for the entropy term derived from the maximum
entropy state, which we will explain in the following section. In several simple cases discussed
in [42], the physics given by the quasi-entropy is consistent with that given by the maximum
entropy state. In the light of proposing a model with adequate computational complexity, it is
significant to discuss closure approximation using the quasi-entropy. Concerning the estimates
for the rigorous biaxial limit, we shall see these two approaches will lead to the same arguments,
so that the derivations afterwards can be handled in a unified manner.
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To recognize the biaxial limit, it is necessary to comprehend the biaxial minimizer of the bulk
energy. The rotational invariance of the bulk energy leads to the fact that the minimizer is actually
a three-dimensional manifold. The tangent vectors of this manifold are zero-eigenvectors of the
Hessian that is usually called in terms of ‘the linearized operator’ in previous works. A basic
assumption is that the tangent vectors exactly span the kernel of the Hessian. This assumption
implies that the biaxial minimizer is nondegenerate, which physically means that the coefficients
in the bulk energy are not at the critical values of phase transitions. We will give some numerical
evidences to this assumption.

The kernel of the linearized operator plays a key role in the analysis of the Hilbert expansion.
In particular, we can use this kernel to decouple the Hilbert expansion at different orders by pro-
jecting the tensors according to the kernel and its orthogonal complement. As for the estimates,
an essential difference from the previous works is that the projection and high-order tensors are
noncommutative. To deal with it, we will give a new and general way to obtain the desired es-
timates. This is also the case for the singular term in the remainder equation, where we shall
utilize the eigen-decomposition of the linearized operator. We will clarify these two points after
we write down the model and the main results.

To our knowledge, this is the first time a rigorous biaxial limit of hydrodynamics from a
molecular-based model is established. Moreover, it is possible that the minimizer of the bulk
energy is uniaxial. In this case, the limit model will be the Ericksen—Leslie model (see Section 5
in [22]). When attempting to establish the uniaxial limit of two-tensor hydrodynamics, one will
also face the issues described in the paragraphs above. In other words, those approaches in the
previous works on the uniaxial limit of the one-tensor hydrodynamics are special cases that
cannot be extended naturally. Instead, we need to follow the approach for the biaxial case. We
shall explain this at the end of this article.

In the rest of this section, let us introduce the notations, followed by the tensor and frame
hydrodynamics. Then, we state the main results.

1.1. Preliminaries

We begin with notations of orthonormal frames and tensors. In a system composed of identi-
cal non-spherical rigid molecules, we need to describe its orientational distribution. To this end,
on each molecule we anchor a right-handed orthonormal frame (m;, m;, m3) to express its ori-
entation. If we write out the coordinates of the body-fixed frame in the right-handed reference
frame, it gives a rotation matrix q € SO(3), where q;; is the ith coordinate of m;. We need an-
other orthonormal frame to represent the local orientation of the nematic phase. To distinguish,
we shall use the notation p = (np, ny, n3).

For an n-th order tensor U in R3, its coordinates in the reference frame are denoted by Ui, ..i,-
The dot product U - V of two tensors of the same order is defined by summing up the product of
the corresponding coordinates,

U-V=U.iVii, |U?=U-U,

where we have adopted the Einstein summation convention on repeated indices and will assume
it throughout the article.

An n-th order tensor U is said to be symmetric, if its coordinates satisfy Uj;
for arbitrary permutation o of {1, ...,n}. A tensor U can be symmetrized as

Uil"'in

o()elom) —
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1
(Usym)ilmin = ; Z Uio(l)"'ia(n)’
o

where the sum is taken over all the permutations. For any n-th order symmetric tensor U, its
trace is an (n — 2)th-order tensor defined by the contraction of two coordinates,

(V)i .ip—y = Uiy..i_okk-

If a symmetric tensor U satisfies trU = 0, we say that U is symmetric traceless. If we express a
tensor by its coordinates in another right-handed orthonormal frame, the symmetric and traceless
properties are maintained, i.e. they are intrinsic properties of a tensor.

To express the symmetric tensors conveniently, we introduce the monomial notation,

m’{‘m§2m§3=(m1®~~-®m1®m2®--~®mz®m3®---®m3)

ki k k3

sym

In this way, any homogeneous polynomical of m; represents a symmetric tensor. The 3 x 3
identity matrix i can be written as a polynomial i = mf + m% + m%. For clarity, several simple
examples are given below:

1
m1m2=§(m1 ®@my +m®m;), m;=m @my,

1
m]mzm_g:g(m] @m; @m3 +m m3 @m; +m3 Qm| Q my
+m; @m3 @my +m; @m; ®mz +m3 @my ®my),

1
mlmgzg(m1®mz®m2+m2®m1®m2+m2®m2®ml)'

The definition above also works for p = (ng, nz, n3).
The order parameters to depict the local anisotropy are defined from the moments of m; of
the density function p (g, x),

mi ®---@m,)= f m; () Q- @m;, ()p(q,x)dq, i1,....in=12,3,
50(3)
where (-) is a short notation for the average under p(q, x). To extract the linearly independent
components from these moments, it turns out that order parameters shall be chosen from averaged
symmetric traceless tensors (see [41,44,43] for details).

The hydrodynamics involves differential operators on SO (3). For any frame p = (ny, np, n3) €
SO (3), the tangential space T, SO (3) at a point p can be spanned by the orthogonal basis

Vi=@O,n3,—m), Vo=(-n3,0,n1), V3=mp,—ny,0).

The differential operators % (k = 1,2,3) are defined by taking the dot products of Vi and
d/dp = (3/0my, 9/0my, 9/0m3),
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0 0
-Zldng-—=n3'——n2-—,
ap onp on3
def el 0
H=Vy-—=ny-— —n3 - —, 1.1
2=V o nj ons n3 on; (LD
0 d 0
B R
3)3 ong ony

The operator % actually gives the derivative along the infinitesimal rotation about ng. Acting
the operators %% (k = 1,2, 3) on n;, we can verify that £;n; = €ikn j with elik being the Levi-
Civita symbol. The operator .%; can also be acted on a functional, where d/9p shall be replaced
by the variational derivative §/8p.

1.2. Two-tensor hydrodynamics

In this paper, we focus on a two-tensor hydrodynamics considered in [22] for biaxial nematics,
which is reduced from the model proposed in [49].
The order parameters are given by two second-order symmetric traceless tensors,

Q1= (mj—i/3), Q2= (m3—i/3).
We denote Q = (Q1, QZ)T in short. A projection map . is defined for second-order tensor,
(SR)ij = %(Rij +Rji)— %Rkkfsij,
giving a symmetric traceless one. It can also be imposed on an array of second-order tensors, i.e.,
S (R, ,R)=(LRy, -, S Ryp).
Denote by Q the linear space formed by a pair of second-order symmetric traceless tensors

Q={Q=(Q1.02)" : Q; second-order symmetric traceless}.

Its dimension is ten, since each second-order symmetric traceless tensor contributes five.

Now we are in the position of writing down the tensor hydrodynamics. We shall adopt the form
in [22] that would clearly reflect its structure. To simplify the presentation, throughout the paper,
we assume that the concentration of rigid molecules at each point x, the product of the Boltzmann
constant and the absolute temperature, and the density of the fluid p, are all equal to one, so that
they will not appear in the model compared with those given previously. Such simplifications
make no difference in the structure of the model and the estimates to be established.

We begin with the free energy

1
FIQ.VQ1 = [ (£ Fr@ + Fu(VQ))ax. (12)
R3

The energy density is divided into the bulk part F;, and the elastic part F,. The bulk energy
density Fj contains an entropy term and quadratic terms of Q,
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1
Fp(Q) = Fentropy + E(coz|Q1|2 +c31 Q21> +2¢04 01 - Q2). (1.3)

The entropy term requires detailed discussion, which will be presented in Section 2. The elastic
energy density F,, penalizing spatial inhomogeneity, consists of quadratic terms of VQ,

1
Fo(VQ) =3 (c22IV Q1 + 31V Ol + 22401 Q1 jus Qo
+¢280; Q1ik0; Q1 jk + ¢290; Q2ik0; Q2 jk + 2¢2,100; Q1ik0; Q2jk)- (1.4

To ensure the lower-boundedness of the free energy, we assume that the coefficients of the elastic
energy satisfy positive definite conditions

€22, €23, €28, €29 > 0,

2 2
Coy < €22C023, Cpg < (€29C210-

In the above, the coefficients c;; of the quadratic terms in (1.3) and (1.4) can be derived as
functions of the molecular parameters (see [46,45] for details). In particular, it has been verified
that these derived coefficients indeed satisfy the positive definite conditions given above (cf.
[45]). The small parameter € in (1.2) can be viewed as the squared relative scale L between the
rigid molecule and the domain of observation by a change of variable X = x/ L.

We write the variational derivative of the free energy (1.2) as

_SFQ.VQ) __10FQ) |, (3F.(VQ)
2= 750 _y(g 9Q a,( 3(%Q) ))
def 1

= -JQ+6(Q, (1.5

&

where 1q = (1o, 110,) 7> T(Q) = (J1(Q), 7(Q)" and G(Q) = (G1(Q), G2(Q)) are calcu-

lated as

1
no, =-J1(Q) 4+ G1(Q)
£

1 oF

== (7 | 201 + 0402
e 001
—0AQjk — c24A02jk — 7 (289;0; Q1ik + 2,100 0; Q2ik)» (1.6)
1

Ho, Zgjz(Q)ngz(Q)

1 oF

= (7= 1 01 + 03 02
€ 00>
— 4 AQ1jx — c23AQ2jk — (2,100 0; Q1ik + c290;0; Q2ik). (.7

Before we present the hydrodynamics, we explain some physical parameters that will appear
below, for which we refer to [49,22]: [;; (i = 1,2, 3) are diagonal elements of the moment of
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inertia for a molecule; I'; = %(i = 1,2, 3) are the diffusion coefficients, where mgq is a mass

unit and ¢ is a friction constant; ¢; (i = 1,2) are defined ase; =1 —e; = 7 |142r2122 .
In addition, we define some fourth-order tensors:
Ry = {(md —i/3) @ (m? —i/3)). Ro = ((m3—i/3) © (m3 —i/3)
Rz=4mm; @mmy), R4=4(mm3@mum3), Rs=4mym;® myms),
Vo, = 2((m1m3 ® (m; @ m3)) + e (mmy @ (m; @ my)) — ex(mmy ® (M ® m1))>,
Vo, = 2((m2m3 ® (my @m3)) —ej(mm; ® (M) @ My)) + ex(mm; ® (M @ m1))>~
(1.8)

These tensors need to be specified as functions of Q, which is the so-called closure approximation
to be discussed in Section 2. The closure approximation is the origin of strong nonlinearity in the
hydrodynamics. We then define some operators from these tensors,

Mit M\ det [ T2R4+T3R3 —I'3R3
Mg = 2 : (1.9)
Mz Mo —I'3R3 I'Rs +T3R3
def (V def
Vo & (vz ) No € (Ng,. Ng,) =(Vh VD). (1.10)
2
def
P = ¢(IaRi + IRa + e1111R3). (1.11)

Let us explain some short notations concerning the tensor contraction. We regard fourth-order
and second-order tensors as matrices and vectors, respectively. Then, we make use of matrix-
matrix and matrix-vector multiplications, such as

Voijrikk = Vg, 1)ij,

where k;; = d;v; is the gradient of the fluid velocity field v. Thus, the transpose of a fourth-order
tensor can be defined, such as (Vél)ijk[ = (Vo,)uij- Again, Mqpuq is carried out by matrix-
vector multiplication,

Mo = (MIIMQI + Mg, > .

Mo, + Mnpg,

Now, let us write down the two-tensor hydrodynamics,

0
8—?+V~VQ: — Mouq + Vox, (1.12)
av

(5 +v- Vv)i = —3ip+nAv; +93;(Pok + Noug)ij + g - Q. (1.13)

V. v=0. (1.14)

Here, p is the pressure imposing the incompressibility (1.14) on v; 7 is the viscous coefficient of
the fluid; uq = e 1T7(Q) + G(Q): J(Q) and G(Q) can be rewritten as
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_ aFentropy
JQ —5”78(2 + DoQ, (1.15)
G(Q)jx =— D1(AQ) jx — D27(3;9;Qip), (1.16)

where the constant coefficient matrices D; (i = 1, 2, 3) are expressed as, respectively,

Do = (602 604>’ D= (sz 624)’ Dy— < c28 62.10)'
co4 €03 €24 €23 €210 €29
To comprehend the model (1.12)-(1.14), Mquq is the rotational diffusion term; Vg« is the
rotational convection term, where the corresponding elastic stress is NQMQ; Pqx is the extra
viscous stress induced by rigid molecules; and (¢ - 9; Q is the external force due to the presence
of rigid molecules.

It is crucial that the fourth-order tensors R;(i = 1,---,5) are all positive definite, in the
sense that for any second-order symmetric traceless tensor Y, we have Y - R;Y > 0 and the
equality implies ¥ = 0. This can be guaranteed by the closure approximation to be introduced in
Section 2, which has been discussed in [22]. As a result, the operators Mg and Pq are positive
definite.

The energy dissipation is given by

d /1
o (Envuiz +F1Q. VQ]) =~ (g, MoQ) = nllk|2> — (k, Pk).  (1.17)

1.3. Biaxial frame hydrodynamics

The local orientation of the biaxial nematic phase needs to be described by an orthonormal
frame p = (n1, np, n3) € SO(3). The biaxial frame hydrodynamics can be derived formally from
the tensor hydrodynamics above. In this case, the frame p is that in the minimizer of the bulk
energy Fj, written as

1
Oi =Si<n1 ®n; — §> +bim®n —n3®n3), i=1,2. (1.18)

We will discuss it more in Section 2. Here, we focus on writing down the biaxial hydrodynamics.
We write the biaxial orientational elasticity in the form

Failpl = f F5i(p. Vp)dx. (1.19)
R3

The elastic energy density fp; can be given by (see [33,11,48], where other equivalent forms are
provided):

3 3 3
1
fBi(p, Vp) = E(;Ki(v -n;)? +ijz=:1 Kijm; -V xn;)* + ;Viv [(m; - V)n; — (V°ni)ni]),

which consists of twelve bulk terms and three surface terms. The coefficients K; and K;; of bulk
terms shall all be positive. They can be derived from ¢ ; in the tensor model (cf. [48]).
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To present the frame hydrodynamics more conveniently, we introduce a set of local basis
generated by nine second-order tensors: the identity tensor i, five symmetric traceless tensors,

1
si=nj— i Sm=mon, s=mm, s=mn, ss=non,

and three asymmetric traceless tensors,
A=Nm-—mEN, =N —N N, az=nn3—n3n.
The frame hydrodynamics is a coupled system between the evolution equation of the orthonormal

frame field p = (ng, np, n3) € SO (3) and the Navier-Stokes equations. We write down the form
given in [22]:

. 1
x1n2~n3—§)(152-a3—mA~55 + A1 Fgi =0, (1.20)
. 1
X203 - N —§X29~32—U2A'S4+«$2]:Bi =0, (1.21)
. 1
Xx3Mp -Mp — 5)(352 -a; — A - s34+ AFp =0, (1.22)
p=m;,m,n3) € SO3), (1.23)
Vv=—Vp+nAv+V.0+73, (1.24)
V.v=0, (1.25)

where we use the notation f = 0; f + v- V f to represent the material derivative, and recall that
% Fpi is the variational derivative along the infinitesimal rotation round ng. The divergence of
the viscous stress o is defined by (V - 0); = d;0;;. To express the stress, let us denote by A and
 the symmetric and skew-symmetric parts of the velocity gradient «;; = d;v;, respectively, i.e.,

1 1
= 5(K +«0), @= E(K — k7).
The viscous stress o is given by
o(p,v) =pBi(A-s1)si + Bo(A-s2)s1 + ,30(A -81)82 + B2(A - 52)82

+ B3(A - s3)s3 —n3(ny - nz——SZ a1)53

2

1
+ Ba(A - s4)84 — n2<n3 n — -9 32)54
1
+ Bs(A - s5)s5 —771<n2 n; — Q- 33)85
1

1 1
+ 5713(A -s3)a; — 2X3<f11 ‘ny — 59 . 31)31
+1 A-s0) 1 ( 152 )
- sp)ap — —x2(n3-n; — =R -ay )a
7 4)ay — 5203 My — 2 )az
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1 1 ) 1
+5mA-s9as — 2 (- SR -a3 )a, (1.26)
2 2 2
where the viscous coefficients satisfy the following nonnegative definiteness conditions:

gi=0,i=1,---,5, x;>0,j=123, n>0,

) ) ) ) (1.27)
By < Bi1B2, n1 <PBsx1, n; <Pax2, 13 =<P3x3.

Again, such conditions are indeed met when the coefficients are derived from the tensor hydro-
dynamics as functions of molecular parameters (see [22] for details). The external force § is
defined by

Si =0y -mAFp; +0in3 - n L Fp; + 0ing - m3. L Fp;. (1.28)

It can also be regarded as a elastic stress (see Eq. (1.17) in [19]).
The relations between coefficients (1.27) guarantee that the frame hydrodynamics (1.20)—
(1.25) fulfills the following energy dissipation law [18]:

3
d /1 1
=(3 f VPax+ Fpilpl) = =0l VVIG = 3~ %l
R k=1

- <,31 IA-si)2, +2ﬂo/(A -s1)(A-s2)dx + B |A - 52||2Lz)
R3

2 ) )
— _n_3 . 2 _& ) 2 _ﬁ . )
(B = )18t = (B = 22 )IA-sallfa = (Bs = L )IA-ssl. (1.29)

Concerning the well-posedness results of the system (1.20)—(1.25), we refer to [18] for details.
1.4. Main results

The first result is the local well-posedness of the tensor hydrodynamics. Let Qs be defined in
(2.14), which is related to the physical range of two tensors.

Theorem 1.1. Let s > 2 be an integer. Assume that p* = (n},n3,n3) € SO(3) is a constant

orthonormal frame, and that Q* = (Q7, Q;)T takes the biaxial minimizer of the bulk energy Fj,
in the form

1

0; =si(n}? - gi) FhmP—n?), i=1,2.
If the initial data satisfies

Q) —Q* e HM(R?), vi(x) e H'(R?),

with Q;(x) € Qs for all x € R3, then there exists T > 0 and a unique solution (Q,V) to the
two-tensor system (1.12)—(1.14) on [0, T], such that Q(x,0) = Q;(x), v(x,0) = v;(X) and
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Q(x,1) —Q* € C([0, TT; H* T (R?)),
v(x,1) € C([0, T]; H*(R3) N L*>©, T; H*T (R?)),

with Q(x,1) € Qa/z.

This result mainly depends on the estimates involving fourth-order tensors given by closure
approximation. Once the basic estimates are established (see Section 2), the proof is quite stan-
dard, which we present in Section 3.

We now state the main result. To emphasize the dependence of the solution on &, we use the
notations such as Q°, v¥ and Mq:. Let Hq be the Hessian of the bulk energy Fj, at Q, and the
projections 27" and Z7°U! be defined in (2.11) concerning the kernel of Hq.

Theorem 1.2. Assume that Q0 (x, 1) = (QEO), Qg)))T with Q}O) = s;(n? —i/3) + b;(n3 — n3)
(i =1,2) is the biaxial minimizer of the bulk energy Fp(Q). Let (p(X,1),V(X,t)) be a smooth
solution to the frame hydrodynamics (1.20)—(1.25) on [0, T, which satisfies

(Vp,v) € C([0, T1; HY), for the integer £ > 20.
Suppose that the initial data (Qf, v}) takes the form

3 2
Q=) QVx 0 +Q] xx). Vi® =) VP (x 0+ (),

k=0 k=0

where the functions (Q(l),Q(Z),Q(3),v(1),v(2)) are determined by Proposition 4.1, and
(Q7 g» V7. g) fulfills

—1 t
IV gl + 1Q5 gl g + &~ 12°°(Q5 )l 2 < Eo.

Then, there exists €9 > 0 and E1 > 0 such that for all ¢ < g, the system (1.12)—(1.14) has a
unique solution (Q*(x, 1), vé (X, t)) on [0, T that possesses the following Hilbert expansion:

3 2
Qxn=)Y &QVx 1+ Qrx 10, v(x,0)=) vVP(x 1)+ vr(x,0),
k=0 k=0
where, for any t € [0, T, the remainder (Qg, Vg) satisfies
E(Qr(1), Vr(1)) < Ey.
Here, QE(Q, V) is defined by

def 1

- L, e
(@)Y [[(P+Mgh@-Q+ £ (00) )

R?)

4219 4+ (Hogo #1Q) - Q) +* 1AV + - (e, AQ) - AQ) |,
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where Hf)(())Q =HqoQ +eG(Q), and the constant E is independent of e.

To illustrate the idea of the proof Theorem 1.2, we give a short overview. To begin with, we
make the Hilbert expansion of the solutions (Q?, v®) with respect to the small parameter ¢:

Q' (x,1) =QVx,1) + QP (x,1) + QP (x,1) + £3QP (x, 1) + £3Qr(x, 1),

vex, 1) =vOx, 1) + evlV (x, 1) + e2vP(x, 1) + 3 vr(x, 1).

Substituting the above expansions into the system (1.12)—(1.14) and collecting the terms with the
same order of ¢, we obtain a series of equations for (Q®, v0; Q3))(0 < k < 2) (see Subsec-
tion 4.1). The O (¢~ 1) equation requires that J (Q(O)) = 0, indicating that Q(O) is the stationary
point of the bulk energy Fj;(Q), which is assumed to be the biaxial minimizer. The O (1) system
(4.6)—(4.8) gives the biaxial frame hydrodynamics (1.20)—(1.25).

To show Theorem 1.2, we need to take care of two points below.

e The existence of smooth solutions to the equations of (QW, v, QB30 <k <2).
e Uniform boundedness of the remainder.

The first point relies on the local existence of smooth solutions to the frame hydrodynamics
(1.20)—(1.25) on [0, T'], which has been established in a recent work [18]. It then requires to solve
Q™. From the work for rod-like molecules [39,21,20], the basic approach is to decompose Q"
into two parts: one in the kernel space KerH o) and the other in its orthogonal complement. The
latter can be obtained from the equation of Q| so that we need to derive an equation for the
former from the O (¢) system. The O(g) system has the following abstract form:

500
(Bz—t +v©.vQ®M = - MO (He0Q? +GQV) +J1) + -+,

avh
VWO =V VO (0P +6QM) + 1) + -

where the operator MO is a short notation for MQm), and J; is a nonlinear term. Here comes

a major difficulty: we can not directly project the nonlinear system of (Q", v(1) into the kernel
space KerH o), since 21 and MO are noncommutative, i.e., 2N MO # MO 2" However,
by carefully investigating the intrinsic structure of the system, we could eventually derive a linear
system (4.20)—(4.22) for the KerH o) -projection of Q" which guarantees the existing time to
be [0, T']. It requires a clear characterization of the space KerHQ(O), which will be discussed in

Section 2. The O (g?) system for (Q®, v®; Q) is solved similarly.
The system for (Qg, vg) takes the form

1
%Qr =~ Mqo (=Hqu Qe +G(Qn)) + Voorr + -+
1
WVR=—Vpr+V-: (NQ(O) (EHQ(O)QR + g(QR))) +---
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The main obstacle towards the uniform estimate comes from the singular term %’HQ(mQ R. We
introduce a suitable energy functional &(z) in (4.42) to handle it. Since the operator HQ<0) de-

pends on the time 7, we have to control the singular term é(Q R 0(Hg0)Q R). This takes tedious
calculations for rod-like molecules [39]. However, we point out in this work that it can be done
by the eigen-decomposition of the Hessian (see (2.10)) straightforwardly.

The proof of Theorem 1.2 is presented in Section 4. Throughout the proof, the estimates on
fourth-order tensors still play a key role.

The bulk minimizer of the two-tensor model might also be uniaxial, for which we briefly
discuss in Section 5. As we have discussed in [22], the limit model is the Ericksen—Leslie model.
The whole procedure is the same as how we deal with the biaxial nematic phase, only to notice
a slight difference in the structure of HQ(O). Despite the limit model is the same as that of one-
tensor models, it shall be clear that the derivation in the previous works is special and not suitable
for the uniaxial limit of the two-tensor model.

2. Entropy, stationary points and closure approximation

In this section, we introduce the entropy term and some crucial results relevant to it, as well
as how to use the entropy to define the closure approximation.

We consider two types of the entropy terms, which we call the original entropy and the quasi-
entropy. The original entropy is defined implicitly by minimizing |, s03) P In pdq with Q fixed,
which is a standard approach that has been utilized in different cases [14,3,13,45,36,41]. The
quasi-entropy refers to a class of elementary functions as a substitution of the original entropy
[42]. The quasi-entropy significantly simplifies the hydrodynamics, especially in the view of
numerical simulations. Yet it has been proved that the original entropy and the quasi-entropy
share several essential properties and display very close results on homogeneous phase transitions
for various molecules [42]. Therefore, it is of great worthiness to discuss both of them. In the
formal derivation of the biaxial hydrodynamics [22], it has been seen that the original entropy and
the quasi-entropy lead to the models of the identical form, with differences only in the specific
values of coefficients.

In what follows, apart from specifying their definitions and the corresponding closure ap-
proximations, we shall discuss the stationary points of the bulk energy and the structure of the
Hessian at these points. In addition, we write down some basic estimates to be utilized in the
establishment of the rigorous biaxial limit. As it turns out, on the above aspects, the original en-
tropy and the quasi-entropy lead to similar results, which will be convenient for the derivations
in the forthcoming sections.

2.1. Original entropy and quasi-entropy

Let us begin with defining the original entropy for Q (for general cases, see Section 5 of [41]).
On minimizing [ so@ pInpdg, we obtain the maximum entropy state

1
p(@) = — exp(B) -mj + By -m3), 2.1)

where Z is the normalizing constant, and two second-order symmetric traceless tensors B and
Bj are Lagrange multipliers for the constraints on Q,
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— 2 2
Z= / exp(B1 - mj + B> - m5)dgq,
SO0(3)

1 I,
Q; = 7 / (ml2 — §1> exp(B -m% + B ~m%)dq. (2.2)

SO@3)

The original entropy Fig is obtained by taking (2.1) into |’ S0 P In pdp,

Foig=B1- Q1+ B2- Q02 —InZ. (2.3)
Proposition 2.1. The original entropy has the following properties:
e B is uniquely determined by Q, where B = (By, By)".
o 0Fyg/0Q =B.
e 0Q/9B is positive definite.

Proof. The uniqueness of B is shown in Theorem 5.1 in [41].
For the second property, from (2.3) we have

3 Forig (B d(B2)ki dlnZ

500~ Vi T 50, G T 50, M T s,
—(B)~~+a(Bl)k1 < 0lnZ _Sﬂ) (B2 ( 0lnZ _%)_ 0lnZ
YT 00 \aBow 3 3(Q1ij \d(B 3 3(Q1)ij
=(By1)ij.

Similar arguments hold for 0 Fyig/3 Q2.
For the third property, direct calculation gives

@_“ﬁqmmﬁ4m>m%mmm%ww
9B~ \ (m3 —i/3)® (mj —i/3)) ((m5—i/3)® (m3—i/3))

T
— (tm?—i/3), m3 —i/3))" ((m? —i/3), m3 —i/3)).
which is a covariance matrix. O
The quasi-entropy is defined by the log-determinant of a covariance matrix. It depends on

the truncation order of the tensors, which we need to specify (see [42] for details). For Q, we
truncate at second order to arrive at

5,(Q) = —lndet(Q1 + %) —lndet(Qz + %) — lndet<% —0, - Q2>, (2.4

where i denotes the second-order identity tensor (3 x 3 matrix). The domain of E; is restrained
in those Q such that the three matrices are positive definite:
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dom(Ej) = {Q 01 + , 0> + = % — Q1 — Q> are positive deﬁnite} .

To carry out closure approximation by the quasi-entropy, we need the one truncated at fourth
order. For the high-order tensors appearing in the tensor hydrodynamics, they can be expressed
linearly by Q1, Q> and several symmetric traceless tensors of third- and fourth-order. The rele-
vant expressions can be found in [41,42,22]. Here, since these expressions are unused, we choose
not to write them down explicitly. Instead, we denote in short these third- and fourth-order sym-
metric traceless tensors as H.

Now, let us write down the quasi-entropy truncated at fourth order. We introduce a few short
notations:

e For a second-order tensor U, we define a 1 x 5 row vector as
S (U)j = -sj).
e For a third-order tensor U, we define a 3 x 5 matrix,
W3 (U)ij = U -n; ®s;).
e For a fourth order tensor U, we define a 5 x 5 matrix,
ViU)ij = U -s; @s;j).

The quasi-entropy at fourth-order is given by

E4(Q.H) =

®)((m? — §)) ®;((m3 — m3))
(cbz( T (- Hemd-1)) W((md-md) e m]- 1))
P (( mz—m3>>T Wy ((m} —m3) @ m? — 1)) wy((m} - m3) ® m3 —m)))
( Wy ((m?)) V3 ((m; ® myms3))

W3((my @ mym3))” Wy((mym; ®m2m3))>

— Indet

— Indet

W, ((m3)) W3((my ® myms3))

(m@mms)’  Yy((mm; ® mims))

— Indet

W, ((m3)) U3((m3 ® mimy)) ) _ (2.5)

Indet -
Y3((m3 @ mimy))"  W4((mymy; @ mymy))
The domain of E4 is given by those (Q, H) such that the matrices above are all positive definite.

Proposition 2.2. The domains of Foiig, E2, B4 are bounded, convex open sets. Each of the three
functions is strictly convex on the corresponding domain.

Proof. They are special cases of Section 3 and 4 in [42]. O
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Furthermore, if the tensors in &, (resp. E4) are given by some density in (2.1), they must lie
within the domain of E; (resp. E4), since the covariance matrix of a density function is positive
definite. A short remark is given here that it is still open whether the inverse of the above claim
holds. However, in the current work we could keep our discussion within the domain of Fyyjg,
which we will explain later in this section.

Proposition 2.3. The functions Fuig and By are C* with respect to Q in the corresponding
domain. The function B4 is C* with respect to (Q, H) in its domain.

Proof. For E, and Ey4, the result is obvious because they are elementary functions. For the
original entropy Forig, notice that d Forig/dQ = B and that 9Q/dB is positive definite. It is easy
to verify by direct calculation that Q is smooth with respect to B, so that B is smooth with respect
to Q, which already gives the smoothness of Forig. O

2.2. Stationary points and the linearized operator

Let us look into the bulk energy (1.3). Now, we can specify the entropy term Fengropy. It may
take the original entropy Forig or the quasi-entropy v &. The free parameter v is introduced to
attain a match between the original entropy and the quasi-entropy. We choose v = 5/9 here,
which is proposed in Section 6.1.2 in [42].

To study the limit ¢ — 0, we need to characterize the minimizer of the bulk energy. The
up-to-date theoretical result [47,42] is given below.

co2  Co4
o4 €03
0(2)4/c03 — co2 < 2. For the bulk energy Fy, given in (1.3), where the entropy term Fepgopy takes
either Foig or vEp with v =35/9, at the stationary points Q1 and Q> have a shared eigenframe.

Proposition 2.4. Assume that the matrix ( ) is not negative definite, or is negative but

In the cases where the eigenframe of Q1 and Q> are identical, they can be written in the form

i .
Ql:sl-(n%— §)+bi(n§—n§), i=1,2. (2.6)

Numerical studies [34,25,46,45,42] indicate that even if the conditions of Proposition 2.4 do not
hold, at each local energy minimizer (i.e. not saddle points) Q1 and Q> still have an identical
eigenframe. Furthermore, depending on the coefficients, the global energy minimum could be ei-
ther uniaxial (where b; = 0) or biaxial (where at least one b; #£ 0). To fix the idea, we assume that
under certain coefficients cg2, co3, co4, we have a biaxial global minimum Q(O) = (ng), Qéo))T
of the form (2.6).

With the form (2.6), the scalars s; and b; shall satisfy

2 1 1 1 .
§Si+§>0’ §_§Siibi>0’ i=1,2,3, 2.7
where we define s3 = —s| — 52 and b3 = —b1 — by. This requirement originates from the domain

of the entropy term, which has been discussed previously [45].
It is significant to notice that the bulk energy is rotational invariant. Thus, when changing the
frame p = (ng, np, n3) in the biaxial minimizer Q(O), it still gives a minimizer. Therefore, the
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biaxial equilibrium state is not a single point, but a three-dimensional manifold. We would like
to write this manifold as Q¥ (p). The tangential space of this manifold at certain p is spanned by
& £ .Z/(Q(O) (p), k=1,2,3. The three &, lie within the kernel of the Hessian

Hoo =34 Frlqo- (2.8)

This can be recognized by J QD (p)) = 0, because Q© (p) is a minimizer of Fp. Acting the
operator %% on it, we obtain

0=%J7QY 1) =Hqok. (2.9)

On the other hand, since Q(O) is a minimizer, the eigenvalues of the Hessian HQ<0) are non-
negative. Therefore, we have the following results.

Proposition 2.5. For a given stationary point Q0 = Q© (p), the linearized operator Hoqo sat-
isfies the following properties:

e [t holds 'HQw)Q € (KCI'HQ(O))J','
e There exists a constant Co > 0 such that for any Q € (Ker?—le))J‘,

(Ho0Q) - Q= ColQ.

. N .o -1 .
e Hqo is a one to one map on (KerHgo)™ and its inverse HQ(()) exists.

Proof. We may choose a basis of (Ker’HQw))l as e, --- , €. The operator HQ«» can be written
as
I
’HQ(O)ZZK]'QJ'@Q]’, Aj>0. (2.10)
j=1

The three statements can be deduced easily using the above representation. O
To fully characterize the Hessian, we adopt the assumption below.
Assumption 1. KerH o = span{§, §,, §3}.

Actually, we have proved that §; € KerH o). The meaning of this assumption is that the three-
dimensional biaxial minimizer manifold will not lose its stability when the coefficients in the bulk
energy are perturbed. This assumption certainly does not always hold, as it will be broken in the
case of phase transitions. In other words, by adopting this assumption we consider the coefficients
far from the critical values that give rise to phase transitions. In Appendix, we provide a simple
numerical example as an evidence for this assumption to hold for biaxial minimizers.

Under Assumption 1, we have [ = dim(Ker’HQ(O))J‘ =dimQ — dim(KerH o) =7 in (2.10).
Another thing to be noticed is that &, and e; depend on the frame p. Later, we will need their
derivatives.
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Define

ﬁi"Q:Zij'E—’ PUQ=3"Q ¢j—L @.11)
j=1 j=1

g2 ;2

which are the projections onto the space KerH o and (KGI'HQ(O))L, respectively.
2.3. Closure by entropy minimization

Corresponding to the choice of the entropy term Fepgropy, the closure approximation can also
be done in two ways. To avoid ambiguity, we assume that Q lies within domFye. The closure
approximation aims to calculate the high-order tensors H from Q.

If the entropy term is given by Fyig, one could use the maximum entropy state (2.1) to calcu-
late H.
Proposition 2.6. If H is calculated from (2.1), it is C* with respect to Q.

Proof. It can be verified easily that H is C*° with respect to B. Proposition 2.3 tells us B is C*°
with respect to Q. O

The closure approximation by (2.1) can be equivalently formulated as a constrained mini-
mization [42]. Based on this formulation, one can naturally define the closure approximation by

the quasi-entropy. Specifically, when Fenyopy takes vE>, we use 8y for closure approximation.
The high-order tensors are solved through

min E4(Q, H), s.r. Q given. (2.12)

From Proposition 2.2 and the discussion below it, the solution exists and is unique. Because of
strict convexity, it equivalently demands

ogE4 =0. (2.13)
The smoothness statement still holds.
Proposition 2.7. When H is solved from (2.13), it is C* with respect to Q.

Proof. Taking derivative with respect to Q on (2.12), we obtain

— = — (0 E4)" 0Q0uE4.

3Q

Since 84 is C* and 8%1 84 is positive definite, the smoothness is immediately obtained. O

We define Qs as all Q in the domain of Fyj; whose distance to the boundary is at least 6.
Qs ={Q e Q:d(Q, ddomFyrig) > 5}. (2.14)
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It gives a bounded closed set, which is compact. Therefore, for any §, uniform estimates hold for
derivatives of H.

Proposition 2.8. For arbitrary small enough § > 0 and nonnegative integer k, there exists Cs j >
0 such that |86H| < Csx for Q € Qs.

Proof. It is deduced immediately from smoothness and the fact that Qs is compact. O

Below, we list some basic estimates derived from the properties we stated above. We denote
the derivative of the entropy term with respect to Q by S(Q) = 9Q Fentropy, in Which Feqropy can
be taken as the original entropy or the quasi-entropy. Lemma 2.9 and Lemma 2.10 are direct
consequences of Proposition 2.8, Lemma B.2 and Lemma B .4.

Lemma 2.9. For any § > 0,k € N and constant tensor Q* = (Q*, Q;)T, there exists a positive
constant Cs depending on § such that if Q(x) € Qyg, then

IS(Q) = SQO) I g+ = Cs11Q — Q| .
Lemma 2.10. For any § > 0, there exists a positive constant Cs depending on § such that
IS@Q) - S@Q"I < C51Q - Q7
where Q' = (0}, 0)T, Q" = (Q7, )T € Qs. Consequently, it follows that
10:S(Q)| < Cs19; Q.

Further, for any k € N, there exists a constant C = C (8, |Q" — Q* | g, 1Q” — Q*|| y), such that

ISQ) = SQ) N px < CG Q" = QI g, 1Q" = Q¥ ) 1Q" = QI .

Lemma 2.11 and Lemma 2.12 are direct corollaries of Lemma 2.10, Lemma B.1 and
Lemma B.3.

Lemma 2.11. For any § > 0, there exists a positive constant Cs depending on & such that if
Q(x) € Qs and U € R**3, then for any multiple index a, it follows that

10%(VQU) — Vd*Ull ;2 < Cs(IVQIlL* Ul glei-1 + [IVQIl giai-1 U] L)
Furthermore, if |a| > 2, it holds
0% VQU) — Vd“Ull 2 < CslIVQIl e U]l giat-1.

Here, the operator Yq can be taken as Mg, Vq, NQ and Pq, respectively.
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Lemma 2.12. For any § > 0 and k € N, there exist positive constants C1 = C{(8) and Cy =
C2(8,11Q" — Q* |l gk, 1Q” — Q¥ || i) such that

1Y U = Yo Ull gt < CilUll g l1Q = Q"I + C2 Ul 1Q" = Q| .

Furthermore, if 0 < k < 2, there exists a positive constant C = C(8, |Q" — Q*|| 2, Q" —
Q*|| y2) such that

1Yo U = Yo Ullgx <ClIUI 211Q" = Q" ¢,
1Y U — Yo Ull yx <ClIU|l g I1Q — Q"I 2.
Here, the operator Yq can be taken as Mg, Vq, NQ and Pq, respectively.
3. Local well-posedness of smooth solutions
This section is devoted to studying the local well-posedness of smooth solutions to the system

(1.12)—(1.14). The major estimates come directly from the basic estimates in Section 2.
For the integer s > 2, we define the space X as follows:

def

X@.7,C0) Z{ Q. :QeQspz. 1Q=Qllgs1 + IGQl 2
+ IVl + 19V 2 < o, ae.re0,T1}.

If the solution (Q, v) € X, then by the Sobolev imbedding theorem, it follows that

QN + IVQIlLe + [[Vliz= < C(Co).

The proof of Theorem 1.1 is mainly based on the iterative argument and the closed energy esti-
mate.

3.1. Linearized system and iteration scheme

In order to define a sequence {(Q®,v)},cny of approximate solutions to the system
(1.12)—(1.14), we follow an iterative scheme. First, we set

QPx, 1, vPx,1) = (Q/(x), v/ (x)) € X(8, T, Cp).

Assume that (Q®™, v\ e X(8, T, Cp). We construct (Q"+D | v+ by solving the following
linearized system:

8Qn+1 1
v VQUHD = — Mo (7@™) +GQUH)) + Vguk ", G
( +D) — _g. ,tD (n+1) . +1
(T +v® . vy ))i =—9;p"tD 4 nAv; +0; (’PQ(;,)K(" ))l.j

1 1
+0iNgo (LT@Q™) +6@Q™)) +(27@") +6@Q")-4Q", (32)

ij
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Vv =o, (33)
where 7(Q™) and G(Q"*D) jk are given by, respectively,
J Q") =78Q"™) + DyQ"™,
GQUD) jp = — DI(AQU D) i — D27 (3;3,Q4 ).

Furthermore, the initial data satisfies

Q"M (x, 1), v"* D (x, 1)) = (Qs(x), v/ (X)).

The existence of the solution (Q"+D y(*+1D) to the linearized system (3.1)~(3.3) can be guar-
anteed by the classical parabolic theory (see [2] for instance). The next task is to prove local a
priori estimates, that is, for some suitably chosen 7' > 0, it holds (Q(”H), V("+1)) e X.

For the integer s > 2, we define the following two energy functionals:

def 1 1 1
E;Q.v) = S1Q = Q1L + FelVQI+ S IVI7: + eIV HQI+ S IV VI,

def

FQ.v) E [1GQ72 + IV GQI72 + VY72 + V)17,

where F.[VQ] = fR3 F.(VQ)dx. It follows from Sobolev’s interpolation theorem that
Es~11Q— Q*II7: + IVQIZs + V7. Fe ~ IVQI 01 + VY55

Assume that E§”) = E;(Q™, v™). In order to prove (Q"+D v*+1) e X we need to establish
the closed energy estimate

d
G BTV HVETTY <6, Com) A+ EMTD),

for some small v > 0. The proof is split into three steps.
Step 1. L*-estimate for Q"1 — Q*. First of all, using the definition of 7(Q) in (1.15) and
Lemma 2.10, we deduce that

17 Q™) 12 =17 (SQ™) = SQ")) + Do(Q™ — Q)2
<Cs11Q™ — Q*|| ;2 < C (8, Cp). (3.4)

Taking the L2-inner product on the equation (3.1) with Q”"+1 — Q* and using (3.4), we arrive
at

1d
EEIIQ(”“) —Q*|I7, = (3,Q"*D, Q"+ — Q%)

1
= — (Mg Q"™).Q""" ")
— (MQm)Q(Q(nH)), QU+h _ Q")+ (VQ(mK(”“), QU+h Q*)
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= (€6, o+ CHIGQ V)| 2 + C5IV¥ 12 ) 1QU ) — Q2

< C(8, Co)((ETH2 4 EtD), 3.5)

Step 2. L*-estimate for (VQU+D y®+D) Taking the L2-inner product on the equation (3.1)
with G(Q®+1), and noticing the fact that the operator M is positive definite, we obtain

%fe[VQ("H)] — (3IQ(n+1)’ g(Q(nH)))

1
== vQ"Y, GQ"Y) = ~(Mqw T Q™), G(Q"H)

= (MomGQ™), GQ"H) + (Vowr TV, GQ"™h)

< VO IVQ TV 21G(Q" 12 + € (8, Co)1GQU )| 2
—v[GQ"T) 17, + (Voume "V, (@)

<CG, Co. )1+ EM) —vGQ" )17, + (Voumk ™D, G(Q"*h). (3.6

On the other hand, taking the inner product on the equation (3.2) with v?"*1_ noticing that Maw
is positive definite, we deduce that

1d
SrTLAM PRl A A S
1
= —(Pauc ™, VD) = (N T@Q™), vV D)

~ NG, WD) (7)1 Q™. (v )

+ (g(Q(rH—l)) . 3iQ(”), (V(n+l))i>
< C(5,Co) || vyt 2 — (NQ(n)g(Q(n+l))’ Vv("+1))

+CG. COIVQ™ 2 IV 12 + CIVQ™ | g2 [VQ V1 2 V¥ 12
< C (@, Co.v)(1 + ES*D) — (Ngw GQUD), vwer D) 4 51 wv™+1 )12, o

where & represents a small positive constant to be determined later. Consequently, noticing
Now = VI and combining (3.6) with (3.7), we arrive at
Q Qm
& (FVQU 4+ 2V, ) + 11 GQ ) 2
dr e 2 v L2 % L2

+ (= IVVY2, < €@, Co,v)(1 + ENTD). (3.8)
Step 3. L*-estimate for (VST1QU+D vy We first consider the estimate of the higher
order derivative for Q"1 Acting the differential operator V¥ on the equation (3.1) and taking

the inner product with V*G(Q"*1), we get
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d . ‘ '
3 7V TR = (v, QD vig@th)

1
= (V'™ vQUY), viG QD)) — -V (Mo 7@Q™), V'G@Q"*D))

i (Vx (MQm)Q(Q("H))), ng(Q(n+l))> + <Vs (VQ(n)K(n_H)), ng(Q(n+l))>

f
def h+DL+1L+14. 3.9

Now we estimate (3.9) term by term as follows. Using Lemma 2.10 and Lemma B.1, the terms
I1 and I, can be handled as

I <CIIV? s IVQU TV | s VF G QU | 12
EC((S, CO) (E§n+1)Fs(n+l))l/2’

- 1/2
I <C5[1Q™ — Q|| 1 IV* 7' GQ" ) 12 < €3, Co)(EN D)2

Moreover, taking advantage of Lemma 2.11, we derive that

I == (Mg (V'GQ")), v¢g@Q" 1))
—([V*. Mgw1GQ" D), v*G(Q"+1))
< —vIV'GQ"™M) 7, + C51Q™ — Q* [l 5 1GQ™ D) | o1 IV GQU D) | 12
< —VV*GQ™M)|2, + €5, Co) (EHD FI D)2,
Is =(Vou (V" V), v'GQ" D))
+([V5 Vo I "D v GQUth))
<V (VD) vigQr+h))
+Cs1Q™ = Qs VYV [ ot [VEG QU D) |12

§<VQ(n) (VSK(,H_[))’ ng(Q(n+l))> +C(8, CO)(E§n+1)F;(n+1))l/2'

Plugging the above estimates into (3.9) leads to

d ) )
afe[V’“Q(”“)] + | VEGQ™ D)3,

1/2

< (Vou (V") v*GQ"T)) + C (5, Co) (EI TV FI D) (3.10)

We now turn to the estimate of the higher order derivative of v""*1_ Similarly, applying the
equation (3.2), we deduce that

1d
5 IV VL + v v,
— _(Vs(v(n) . VV(’1+1)), VSV(S+1)> _ <VS (PQ(n)K(n+l)), VS+1V(}’L+1))
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- é(vs (NQ(n)j(Q(n)))’ Vs+1v(n+1)) _ (V‘Y (/\/’Q(MQ(Q(”H))), V‘YHV("“))

+H{V(TQM) - 8Q™), V) 1V (GQH) - 5,Q™), Vv

g+ L+ 1+ 1+ 1 (3.11)

In virtue of Lemma 2.10 and Lemma B.1, the terms I}, I; and I5 can be estimated as follows:

I <CIV N s VO | s | V5D
SC(S, CO)(ES(}’H-I) + (E£n+1)FS(n+l))l/2),
L <CsIVQ™ | s VSV TV || 12 < C(8, Co)(EL T2,
L <CIT Q) s IVQ™ | g | VVTD | 12 < C (8, Co)(EMTD)2,
Applying Lemma 2.11 and Lemma B.3, along with the fact that Py is positive definite, we
have
I3 = — (P (Vi D) vtlyth)
_ ([VS’ PQ(;:)]K(H+1), VS-‘ern-‘rl)
<CE, COlIVQ™ s IV [ st [V VD 2
<C(8. Co)(E{")!/2,
I == (N (V*G(Q"D)), vstiyith)
_ ([VS,NQ(M)]Q(Q(”J’_I)), VS+1V(}’Z+1)>
<— (NQ(n) (ng(Q(n+l)))’ Vs+lv(n+l)>
+ Cs11Q™ — Q*[[ s 1G Q) | st [V F VT 5
< - <NQ(n) (ng(Q(n+])))’ Vs+lv(n+l)> + C((S, CO)(E§n+])FS(n+1))1/2

AF,(VQrth)
1 _fgsq (2LeAVRET ) o ) s, (n+1)
I _<V a]( 5(6,QU D) 2Q ),V v; >
dF(VQ" D) (n) (n+1)
_ K . 9. n 7S
= (v ( 36,Q D) 2:Q ),B,V v, >

<CIVQ™ [1as IVQ"* Vs V¥ V| s < C(Co)(EMFVE T2,
where for the estimate of /; we have used the following identity:

F(VQ)

9Q4Q=-3;(5 0"

.3,.Q> — %P (3.12)

with p being an additional pressure term that can be adsorbed into the pressure p. Then, from
the above estimates of /(i =1, ---,6) and (3.11), it follows that
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1d
s o(n+1) 2 s+1n+1)2
SV v,
S _(NQ(n) (ng(Q(n+l)))’ VS+1V(I1+1)>
+C(, Co)(EMT) (14 (FD)112), (3.13)
Therefore, combining (3.5), (3.8), (3.10) with (3.13), we arrive at

1d
3 aEyl“) +vFMD < (5, Co)(1 + ENTD), (3.14)

for sufficiently small v > 0. The Gronwall’s inequality implies that for any ¢ € [0, T'], there holds

EMY (@) <(1+ ESHD(0)) exp (C (8, Co)t) — 1
=(14 E;(Qz,vp))exp(C(8, Co)t) — 1.

Consequently, if we take Ty > 0 such that
C(3,Co) Ty <In(1 + Co) — In (1 + E(Q;, V1)),

then it follows that sup ES("+1)(Z) < Cy.
0<t<Ty
On the other hand, using the equation (3.1) we derive

t 1
| [aumna < [ 1800w 0l
0 0

t
=6 [ (9@ )l + 9% Vil + Q0 = @l + 1)
0

=C@, Cot,

which together with Q; € Q5 implies that Q"' € Qg for ¢ € [0, Tp], if taking Tp > O suffi-
ciently small. Thus, we arrive at (Q'*+D vty e X (8, T, Cp) for T < Ty.

3.2. Convergence of the sequence

The subsection will be devoted to showing that the approximate solution sequence
{(QW, v}, isa Cauchy sequence, and to finishing the proof of Theorem 1.1.
For this purpose, we define

56“ =Qth _Q®, 3ﬁ\4 = Mqwo — Mge-n, 36 =Voo — Vou-n,
85 =Now —Nge-n. 85 =Pgw — Pou-n. 85 =TQY)—T@Q"“™M),

8€+1 — yl&t+D _ V([), 5£+1 — D _ K(@), 5f7+1 = plt+h _ O

p p
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Assume that (QU+D v+Dy and (Q®,v®) are two solutions to the linearized system
(3.1)—(3.3) with the same initial data. Taking the difference between the equations for
QD vy and (QW, v), we deduce that

885—‘1-1
e VOV = Moo GG + Voo st +8FY, (3.15)
855‘*‘ v O ystrl) — _g.sttl 4 A8£+1+8_(7g SE-H)
ot v i “p 20y, i\FQuoc );;

+0;(Ngud©g™h);; +G6g™ - QY +8;(5F5)i;, (3.16)
v.sitt=o, (3.17)

where SF{ and 8Fg are given by

SFL = —5L.vQW 4 - (MQ(/>6J+6MJ(Q“ ) +85,G@Q1) + 89
9;(5F )z,_a( 5L @vO 485k 4 = (NQ@SJHNJ(Q“ ”)))+5NQ<Q“>)
(st 50¢ =1)y . 9.5
£ (500Q" + TQ ) 0oy
Using Lemma 2.12 and integrating by parts, we obtain

ISF], 8F5) |12 <C (8, Co)lIdg |l + 11851 2)-

Similar to the argument in (3.8), we can prove that there exist a sufficiently small v > 0 and
C(8, Cp, v) > 0, such that

d
" —EM 0+ 2 ||va4+1||22 +vlGEG DI,

<C@. Co. v)(||8£+‘||L2 1186 150 + 1851172 + 18G 1171 (3.18)
where

def 1
E¢ ) = S 1517 ||8’5||L2 + Fe(V8G).

Then, from (3.18) we know

ZEf 0 =c(EP 0+ B 0),

which further implies that

t T

E @) < C/exp (Ct —1)EL (v)dr < C/exp (C(T —1))dr sup EL ().

te(0,T]
0 0
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Thus, taking 7' < Tp small enough such that C fOT exp (C(T - r))dr < %, we arrive at

~ 1 ~
sup E(()Hl)(t) < — sup E(()g)(t).
1€(0,T] 2 1c0.11

This implies that {(Q®, v(¥)},.x is a Cauchy sequence. More precisely, there exists the limits
Q- Q*eC([0,T]; H'(R%) and v € C([0, T]; L*(R?)) such that

Q" —Q* - Q-Q*eC([0,T]; H'(R?)),
v v e (0, TT; L2 (R?)).

Applying the uniform bounds and the Sobolev’s interpolation theorem, there holds

Q" —Q*—Q—-Q e C(l0, T} H' ' RY)),

v - ve C([0, T]; HY (RY)),
for any s’ € (0,s). Therefore, the limit (Q,v) is just the classical solution to the system
(1.12)=(1.14). Following the proof of convergence for the sequence {(Q"™,v()}, ., the

uniqueness of the limit (Q, v) can be obtained by the similar energy estimate. Furthermore, by
the standard regularity argument for parabolic system, we obtain

Q-Q eC(0, T H**'(RY), veC(0,T]; H R) NL* (0, T]; HF(RY).
We omit the details here. This completes the proof of Theorem 1.1.
4. Rigorous biaxial limit of two-tensor hydrodynamics

In this section, based on the Hilbert expansion of solutions with respect to ¢, we rigorously
derive the biaxial frame hydrodynamics from the two-tensor hydrodynamics.

4.1. The Hilbert expansion

Let (Q?, v®) be a solution to the system (1.12)—(1.14). We make the following Hilbert expan-
sion:

3
def <
Q=) Q¥ +£’Qr = Q+'Qn. 4.1)
k=0
2 f
ve :Zskv(k) +83VRd§V+83VR, 4.2)
k=0

where Q(k) 0O<k<3)and v (0 <1 <2) are independent of ¢, and (Qg, Vg) represent the
remainder term depending upon &.
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By the Taylor expansion, we obtain

TQ) =T Q) +eHqo Q"+ (HqoQ? +11) + & (HgoQ® + 1)

+&HooQr +&* Tk, 4.3)
where J1, J2, Jy are given by
3=2(7"Q”)Q")- Q"
> s
h=3(7"Q@")1QM) -0 + £ (7" Q")Q?) - Q"
2 2
1 0y (DO 1
+5,(7"Q@"Q"Q") Q"
1 L : 4
Js =5 Z 8!+J*4(j//(Q(0))Q(1)) QW
'i’}"fg
1 i+i+tk=4( 71000000 . o®
Y ETH(779e"eY) o
itjtk=4
at least two of #, j, k are not zero
1 e — e
+ 7Y@ +6:Q) @) + (7"(Qu +6::Q)Q') - Qr
1 2076y 3
+36°(7"Q+6:°QrIQr) - Qr, VO €0, 1), 1=1,2,3,
with Q" = QM +£Q® +£2Q®.
Since Mg, V. Nq and Pq are functions of Q, we have the following expansions:
3 3
Mo = 3. MO +EMp+e*Rm, Vo = 3 VO +3Vr + ey,
k=0 k=0
5 4.4
Noge = X N® 4 SNR + 4Ry,

3
Po: = Y kPO 4 &3Pp + e4Rp,
k=0 k=0
where M® PE AK) and PE) (k > 0) are given by, respectively,

k k k k &
M® = MY MY (R + TR ;R
= M(k) M(k) - -r R(k) r R(k) 4T R(k) s
12 22 3/ /%5 33

®

w_ (Ve © _ o ® BN (pENT (NT

v _<V(Q"I)>’ N® =Wy Ny = (V)" Vp,)7),
2

k k k
Pr = E(lzzRg )+ 11172% )+ 6111172% ))-

Here, M@ YO A @ DO gre those calculated from closure approximation at Q(O). Again,
ME P& A& P(k)(l < k < 3) merely depend on Q<k) (0 < k < 3) but are independent of
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e, and are polynomials of degree k with respect to Q) (1 < k < 3), respectively. Moreover,
Mg, Vg, Ng and Pg depend on Q) (0 < k < 3) and Qg, and are all linear with respect to Q.
All higher order terms with respect to ¢ are contained in the terms *0 \(, e*Ry), e*%R s and
£*Rp, respectively.

We are now in a position to write down the expansion of the system (1.12)—(1.14) with the
small parameter ¢ and collect the terms (independent of the remainder term (Qg, Vg)) with the
same order of €. More specifically, we have the following:

o The O(¢™1) system:

MO7Q) =0= 7(Q?) =0, 4.5)

because M© is positive definite.
e Zeroth order term in ¢€:

0
aQ +v0.vQ¥ = - M (Hqw Q" +6Q) + VO, (4.6)

BV() 0 gy© ) © ©),.(0)
<8t +v . vy ):—Bip +nAv;” +9; (PP« )l.j

+ aj (N(O) (HQ(O)Q(I) + g(Q(O)))”>
+ (Hoo Q" +6(Q™)) - 3:Q, @.7)
v.v® =o. (4.8)

e First order term in &:

)
3Q +v0.vQY = — MO (Hg0Q? +GQD) +J1) + VO +F;,  (4.9)

3"( ) 0 1 1 (D 0 (1
( Py + v vyl ))l =— 3 pV +nAv +8;(PO«! ))l.j
+0; (N(O) (HQ<0)Q(2) +G@Q"M) + Jl)ij)

+ (HooQ? +6@Q) +J1) - 9:Q” + Gy, (4.10)
v.v() =0, @.11)

where F; and G are given by
Fi = v . vQO - MO (Hy0Q" +GQ©)) + VIk©®,
G =—v. v 45, (P(I)K(O))U +9; (N(l)(HQm)Q(I) + g(Q(O)))U>

+ (Hoo QW +G(Q™)) - 3,Q.
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e Second order term in €:

30®@
% + V(0) . VQ(Z) - _ M(O) ('HQ(O)QG) + g(Q(Z)) + J2) + V(O)K(Z) +F,, (4.12)
av® 0
) )\ _ .2 (2) (DO, (2
(T +V( vl )i =—20;p ) +nAv;” + 3](73( )¢ ))ij

+0; (N(O) (HQ<0)Q(3) +GQP) + Jz)ij)

+ (HooQ® +G(Q?) + 12) - Q) + Go, (4.13)
v.v® =y, (4.14)

where F, and G are given by

F,=— v . VQ(O) — v, VQ(l) - MD (HQ(O)Q(I) + Q(Q(O)))
_ M(l)(HQ(O)Q(Z) + g(Q(l)) +J1) + Y2, 0 + V(I)K(l),

Go= v WO vy 4 (POLO) oy (POD)

+ 8, (V@ (g0 QP +GQ@™),;) +8; (N (Hg0Q® +GQ™M) + 1), )
+ (Moo Q® +G@QM) +J1) - QW + (Hoo Q" + Q™)) - 5,Q?.

The problem becomes how to solve (Q(k), vEY (0 <k <2) and Q(3) from the above system
(4.5)=(4.14). First of all, the O(¢~!) system in (4.5) implies that 7(Q©®) = 0, which will be
taken as the biaxial global minimum with the following form:

0 x,1) =s; (n%(x, 1) — %1) +hi(03(x, 1) —m3(x,0), i=1,2, (4.15)
for some orthornomal frame p = (n, np, n3) € SO(3).

It can be easily observed that the system of order 0(e5)(k =0, 1, 2) is not closed, since the
evolution equations of the leading terms Q) (k = 0, 1, 2) contain the corresponding non-leading
terms Q(k+1). However, the zero-eigenvalue subspace Ker’HQ(m of the Hessian of the bulk energy
can be utilized to cancel the non-leading terms, and thus closing the system of the leading order.
In particular, the evolution equations of the frame p = (ny, ny, n3) are determined by the O (1)
system (4.6)—(4.8). To accompolish this, we take dot product with (MO)—lg j on (4.6). Since
§; € KerH o), we obtain '

0=¢; [(Mw))fl QO — VO ®) 4 g(Qw))}

By letting Q(© take (4.15), the biaxial frame hydrodynamics is deduced. This is exactly what has
been done in [22].
On the other hand, assume that we have derived the equations for (p, v) as above. It implies

that (M(O))_l (QV — VO, @) + G(Q©) belongs to (span{&, &, £3})*. By Assumption 1, this
term belongs to (KerHQ(O))l. Therefore, there exists Q(]) satisfying
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~Hoo Q" = (M) QO — VO ©®) 4+ G Q). (4.16)
This observation is crucial for the construction of Q(l), which we will clarify later.
4.2. Existence of the Hilbert expansion
In this subsection, we show the existence of the Hilbert expansion. In other words, we will
show how to solve (Q(k), V(k)), (1 <k <2)and QP from the system (4.9)—(4.14) and derive the

corresponding estimates. To be more specific, we prove the following proposition.

Proposition 4.1. Let (p, v?) be a smooth solution to the biaxial frame system (1.20)—(1.25)
obtained from the system (4.6)—(4.8) on [0, T], satisfying

Vp, vy e (o, T1; HY for £ > 20.

Then, there exists the solution (Q®, vk =0, 1,2) and QP e (KCTHQ(O))J— of the system
(4.9)—(4.14) satisfying

(VQW vy e c((0, T1; H=*)(k =0,1,2), QP ec(0,T1]; H ™).

Let us decompose Q) according to KerHgo, i.e. QW = QQ + Q(ll) with Q(Tl) € Kertgo)
and Qj_l) € (Ker’HQ(O))J-. Assume that we already have a smooth solution (Q(p), v). Before
showing Proposition 4.1, we present a lemma about the material derivative of Q. In what

follows, L(-) represents a linear function with the coefficients belonging to C ([0, T']; H =1y and
ReC(0,Tl;H €’3) some function depending only on p, v and Qf).
Lemma 4.2. It holds
7Q) =LQP)+ R, Z2™QV)=QP + LQ}) + R,
where Q(Tl) =(0; + v . V)Q(Tl).

Proof. Recall that

£:p) =2Q%p), k=12.3.

3
Then, for Q(Tl) € Kert o, we have Q(Tl) =Y ar(t)&,(p), from which we obtain
k=1

QY =@ +v-v)Qy

3 3
=D a0 M) + Y ar® @ + v - Vg ),

k=1 k=1

which leads to
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3
72 QM) =Y a7 (@ +v0 Vg ®) € LQP).

k=1

The reason why we can regard @"“‘(Q(Tl) ) as a linear term of Q(Tl) is that they are both linear
with respect to the coefficients a (7). Using QD) = Q(Tl) + Q(ll) , we deduce that

=f@in(Q(Tl) +Qj_l)) + @out(Q(l) +Q(1)
=7" Q)+ LQY) +R.

Thus, taking the projections Z2°" and 2", respectively, we have

2°Q") =L@Q) + R,
7" QM) =Q" - 7 QM) =Q +LQP) +R. O

Proof of Proposition 4.1. Suppose that (p, v(?)) is a solution to the biaxial frame system
(1.20)—(1.25) on [0, T'] and satisfy

vp, vy e (o, T); HY for £ > 20.
Since Q© = Q© (p) is a function of the frame p and takes the form (4.15), it follows that

Q®ec(o,T1; H .
We solve Qj_l) by rewriting (4.16) as

Q1 = —Hgh (M) '@V = VOx®) + GQ™) € C (10, TL; H ),

Here, the inverse ’Ha(lo) is well-defined within (KerHQ<o> )L due to Proposition 2.5. Thus, the exis-
tence of (Q1, v() can be reduced to solving (QQ, v(D). The key observation is that (Qgr]), viD)

satisfies a linear dissipative system, which we derive below, although the system seems nonlinear
at first glance due to the term J;.
Note that MD, VD are linear functions of Q(l). Consequently, using (4.16), the term F; can
be expressed by
Fi Q") =1@Q,v") +R.
. . . . 1) D _ o (€))]
Since J is a quadratic function of Q" and Q" = Q%" + Q’, there has
1) =1QM) +LQ) +R.
We claim that J; (Qg)) € (Ker’HQ(O))l. In fact, it suffices to prove that

QM) £2Q® =0, «=1,2,3.
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By the definition of J; and lep € Ker?—lQm) , we deduce that

1
1@QY) - ZuQ =2 7" (Qijuapg QP Q) g Z Q)

1 1
ZE'ZI [T/ Q)kipg Q)] QP g Ej/(Q(O))klqua QM Q) g

=0.

We are now in a position to derive the system for (Q%p, vy, By observing the equation (4.9),
we find that o) Q@ 417, (Qgrl)) € (KerHgo )™ This motivates us to take use of the projection
operator 27", However, we can not cancel non-leading terms by taking the projection #™" on
the equation (4.9) directly because of 2" M© £ MO Pin Therefore, to obtain the closed
linear system of leading terms, we need to investigate the intrinsic structure of the equations
(4.9)-(4.11).

Let us denote

QP =@, +v?-vQY, v =@ +vO. v,
S =2"GQY), Bi=P"[(M)TVOD],
% — e@OUt(g(Q%—l))), %2 — yout[(M(O))—lv(O)K(l)].

Acting (M 0)=1 on (4.9), we derive that
M TQY = — (HgoQ? +GQP) + J1QP)) + (M®)~1Y©@,D
+LQY v +R. (4.17)

Now we impose the projection 2™ on (4.17). Since HQ<0>Q(2) +J 1(Q(Tl)) € (Ker?-[Qw))J', we
derive from Lemma 4.2 that

7"QY = 7N M) (—ah + B) + LQY V) + R, (4.18)

where M© = def PM(MO)~1 0 is symmetric positive definite. On the other hand, we impose

the projection £2°" on (4.17) to obtain
2(MD)1QY) = —(Heo Q® + J11QY) — o5 + % + LQY . vV) + R,
which, together with 2°/(Q") = L(Q') and (4.18), implies that

fign = HgoQ® +6(Q7) +11Q)

=~Q{1 +L@2 _ t@out(_/\/l(O))—lL@inQ(l) +L(Q(1) (1)) +R
= + By — P M) PN MO~ + D) + LQY, v) + R.
(4.19)

894



S. Li and J. Xu Journal of Differential Equations 366 (2023) 862-911

Thus, substituting (4.19) into the equation (4.10), together with (4.18), we obtain the following
: M S()y.
closed linear system for (Q-", v*"):

Qb = —M“’)ZJQQ +VO,® L L QP vy + R, (4.20)
1-)[(1) —_ aip(l) + nAv,.(l) +9; (P(O)K(l))ij

+ 8, (MO (g + L@ V) +B))

+ 7o - Q¥ + LQY v + R, 4.21)

v.v\h =0, (4.22)

In order to prove the unique solvability of the linear system (4.20)—(4.22), we establish an a
priori estimate for the energy

—4
&0 e Z(||a’<v<”||iz+<a’<0“) G@ Q™)) +1QPV 1.
k=0

Specifically, we show that there exists a positive constant C such that
d
5&0) < C(&®) +IRW I ye-3), (4.23)

where the solution (lep, v(D) satisfies (VQ%]), viDy e (o, T1; H£_4). It suffices to prove the
case of k = 0 due to similar proof for the general case. The corresponding energy functional is
defined as

&0 = VU1 +1Q7 17 + (QF, G@).

To begin with, it follows from (4.20) and (4.19) that

1d ~
5 3 1Q7 72 =( = Mg + VO QP) +(L@QF . v") + R. Q)
<81Vv D12, + CsIQPV 12,1 + CUVVIR, + IRIZ,). (4.24)
Taking the inner product on (4.20) with ﬁQa), and on (4.21) with v, respectively, we deduce
T
that

d 1
—(@P.9@PN +3IvVIE: ) = @QP. GQP) + (arv . V")
—(QP. HgoQ® + 1QP)) — (v . vQ, g(Q%“))
J1 J

(/\/l( )MQm, MQ<1>> (V( Ve, Q(l)) <L(Q(]),V(l)) + R, ﬁQQ)

J3 J4
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— 77||VV(1)||i2 _ (73(0),((1)’ K(1)> _<N(0)ﬁQ$)’K(1))

Js

—(N“’)(L(QQ),V(”)+R),K“>)+(u 0 5Q© y(y

Jo

+{LQY, vD) + R, vD). (4.25)

J7

It can be easily seen that J3 + Js = 0. Using the definition of ﬁQu), we obtain
T

1
D+ Jy+ Jo + J7 < SIVVD 12, + Cs(IvV 12, + 1QV 12, + IRIZ, ).

where we have used the following fact: for any Q = (Q1, Q2)7 € Q, it holds

~(v¥.vQ.6WQ)
= —/véo)aanl(DlAka + D2y(akalem))dX

R3

= / ( — 90 8,Q kD13, Q jx — D2 (30 30 Qut 8 Quom + v 3an13mQ1m)>dX
R3

< ClIQII3,

It remains to estimate the term J;. Noting that ’HQ(O)Q(Z) +Ji (lep) € (KCI'HQ(O))L and using
Lemma 4.2, we derive that

=— (3201“(('2(1)), Ho0 QP +J1(Q(Tl)))
=~ {LQY). Fign —G@Q)

1
<SIVV D2, + Cs(IvV 12, +1QP 13, + IRIZ,).

Thus, plugging the above terms J;(i =1, ---,7) into (4.25) and using (4.24), we arrive at
d 2
551 (1) = CE@) + IR,

which implies the existence of the solution (Q%]), vy,

Hence, the solution (Q", v(1)) can be uniquely determined. In a similar argument, we can
solve (Q®, v®) and Q® by the system (4.12)—(4.14). Here we omit the details.
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4.3. System for the remainder and uniform estimates

This subsection will be devoted to deriving the remainder system and the uniform esti-
mates for the remainder. Proposition 4.1 tells us that (VQ(k),V(k)) e C([0, T1; H*) for
k=0,1,2and Q® e C([0, T]; H*1). Hence, in what follows, Q® and v&*) will be treated as
known functions. We denote by C a constant depending on Zizo SUP; (0. 7] [V® () || yye-ax and

Z/?:o SUP;[0.7] 1Q® @) yt+1-4k, and independent of ¢.
Recall the definitions (4.1) and (4.2), the remainder is written as

1 ~ 1
Qr=-Q -Q), vrp=-(-V), (4.26)

T e T e
where Qg and vy depend on ¢. In order to derive the evolution equations of the remainder of
(Qg, VRr), we express the system of (QF, v¥) in the abstract form below:

1
Q" == —Mq J(@Q)+V(@Q". V), 4.27)

ot =P [0 (SN T(@) +N@ ) +K@], (@.28)

i

where Pg;y is a projection operator mapping a vector field into its solenoidal part, and V, N, K
are given by

V(Q.v) = —MqG(Q) +Vox —v-VQ. K@) =pq- Q.
N(Q, v) =NoG(Q) — v® Vv + 2nA + Pok.
Consequently, we deduce that
1 £ P 1 £ oE O o5
8Qr = - = (Mo T (@)~ MgT @) + = (VQ'.v) - V@.D) + Ri@. 9.
(4.29)
1 . ~\ 1 . < .
@rvi)s = Paiy| 5 (Nor 7Q@) = NgT @) + 5 (N@.v) ~NQ.9) |

1 ~ ~
+ By (KQ) - K@) +R@.9), (4.30)

where R; (Q,V) (i =1,2) are expressed by
~ _ 1 1 ~ ~ _ ~
RIQV=5(- - MagT @+ VA9 -3Q).

~ 1. /1 ~ ~ ~
Ro@.9) =P 5[0 (- Vg7 Q +N@ %) +KQ@ ~ a1

There is no doubt that this is a rather tedious task if we want to precisely express the right-
hand terms of the system (4.29)—(4.30) due to its high nonlinearity derived from the closure
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approximation. To simplify the presentation, we introduce a notation R, called good terms, to
stand for terms satisfying

RN 2 +ellVRI 2 +82||A%||L2 <C(EEY 1+ E+eF)+ef(E), (4.31)

where C(-) and f(-) : RT U {0} — R™ U {0} are increasing functions. They may depend on
1Q®|(k=0,---,3) and parameters of the system but is independent of ¢. Here, E and F in
(4.31) are defined as, respectively,

def
E ZIQrl g +ellAQRIl2 + 2 IVAQRI 2 4 IVRI 2 + &l VVRI L2
+ &% Avgll 2. (4.32)
def
FZe|VGQR)ll 2 + 2 IAGQR)I 12 + 2| AVVR ] 12 (4.33)

Let us give some examples of good terms that can be absorbed into fR. Using the Sobolev em-
bedding theorem, for k = 0, 1, 2 and some positive constant C, it follows that

e QrlI gk + X1Vl gt < E,  €llQrllLe + &2|IVrllL~ < CE,
eNIGQR) | gk + €3 1IVVR L < C(E + ¢F).

In addition, since |Q©@ — Q* Il gk 1Q® | gx (k < 3,1 <i <3) can be all controlled by a constant
independent of ¢, there holds

1Q° — Q*|l gk < C + & Qrll gk < C(E), |IV¥|lyx < C(¢E).

It should be emphasized that the key feature of the good terms fR lies in the right-hand side being
controlled by C(1 4+ E) as ¢ — 0. Thus, we can deduce a closed energy estimate uniformly in &
(see Proposition 4.7 below).

Armed with the definition of good term $R, let us derive the right-hand terms of the system
(4.29)—(4.30). First of all, by means of the choices oj Q(k)(O <k <3), V(l)(O <1 <2)byits
regularity in Proposition 4.1, it can be seen that ||Rx(Q, V)| ;2 (k = 1, 2) are all controlled by a
constant uniformly in &, thus can be absorbed into the good terms A.

For the remaining terms in the system (4.29)—(4.30), we have the following two lemmas:

Lemma 4.3. It holds

M@ T(Q°) = MagT (Q) =&* Mo (Hgo Qr) + &*R, (4.34)
No T(QF) — Ng T (Q) =&* N (Hoo Qr) + £*%. (4.35)

Proof. By the Taylor expansion, for any 6 € (0, 1), we have

17(Q%) — T (Q) — 3T (Q)Qr |

1

= e / 67" @Q+6:’Qu)Qr - Qrdt|

0
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<e°C@ Q-1 z)IQ& I 1 IQr 2 < & C(eE)EN| Q| e
which implies 7 (Q°) — J (6) — 83H6Q R =¢&"R. Consequently, we derive that
MgT Q) = MgT Q) =¢> My (HgQr) + &%
=83MQ(0> (HQ(O)QR) +&*R.
On the one hand, we infer from Lemma 2.12 that
IMqe T Q) — MgT (@l ¢

< CUEQrI )N 1 [T Q) = T Q] 1,
< C(1E*Qrll g2)e*IQr Il yx (1 + 1e? QI 2) < e*C(eE) QR g (1 + € E),

which implies Mq: J (6) - MQJ (6) € *R. The other identity (4.35) is obtained with a similar
argument. [

Lemma 4.4. For the terms V,N and K, it holds

V(Q%, V") — V(Q,¥) =3 (— MqoG(Qr) + Voorkr) + &R, (4.36)
N(QF.v) = N(@Q. V) =£*(Ng0/G(Qr) + 2nAg + Pookr) + &R, (4.37)
K(Q°) — K(Q) =3V - %, (4.38)

where kg = (Vvg)T and Ag = %(KR + /c;).

Proof. To begin with, for 0 <k <2, we have

e Ive - VQF — V- VQ yr <6X|IvE - VQF = V8 - VQ| g + XV - VQ =¥ - VQI|
3.k 3.k A
<e’|le"Qrll gV llLoe + €7 lle" VR g I VQI £

<¢>C(14€¢E)E.

According to (4.26), we write

M@G(Q°) = MyG(Q) = Mg-G(Q) — MgG(Q) +*(Mq:G(Qr) — MG (Qr))
M; M;

+&% (MgG(Qr) — MqoG(Qr)) +&* Mo G(Qr).

M3

Then, for 0 < k <2, we derive from Lemma 2.12 that
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M| ze <CAQE NI QL. 1QF — Q*ll g 1Q — QI ) 1€° Qi 4 G Q) s,
IM2 | e <€ C(UIQ | oo, QL) IG(QR) N ¢ 1€* QI oo

+3C>1Q° I, QL. 1Q° — Qg 1Q — Q) IG Q) I 1> Qi l
M3 e <3C(1IQ@ Nzoe. QL. 1Q” — Q| iz, 1Q — Q¥ yx+2)

1Q = QO 2 1G Q) -

Noting the following simple fact:
1Q - QP12 = £llQ™ +6Q® +£2QP [ 2 < CE,
we deduce that
XMy + My || gx < C(eE)e’E + C(eE)e*E(E + F),
M i < 3C(E +¢F).

Thus, we obtain

—(M@:G(Q°) — MgG(Q)) = —&> M0 G(Qr) + &> R.

Those terms containing the operators Vg, Ng and Pgq in (4.36)—(4.37) can be handled in similar
arguments, since these operators share the same properties with Mq. Hence, we have shown
(4.36) and (4.37).

Recalling (3.12), we have

s e o oy def F(VQ) o
K(Q); = 8/ 21/ Q.Q) —9;p, Elj Q. Q = 8(3]'0) 0; Q.

We complete the proof of the lemma by

e 12(Q%, Q%) — 2(Q, QI =3IZ(Q, Qr) + Z(Qr, Q) ¢
<3 Cle*VQRrI g (1 + 163 VQR 1)
<e’C(14+¢E)E. O

Using Lemma 4.3 and Lemma 4.4, we arrive at the following remainder system:

1
%Qr = — Moo (- Hoo Qr +G(Qn)) + Vourr + . (4.39)
VR =—Vpr+nAvr + V- (Pookr)
1
+ V- (Ngo (S Ho0 @k +9(Qn)) +V - R+ 9, (4.40)
V.vg=0. “4.41)
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It can be observed that the remainder system (4.39)—(4.41) involves the singular term S_I’HQ@ Qr
in €. Therefore, as shown in [39,21,20], in order to obtain the uniform energy estimates, we con-
struct the following energy functionals:

ef 1 _ 1
&) &5 [ [(veP + (MGhQu) - Qe+ (Heyo Qr) - Qx)
R3
1
+ 21Vl + - (Hoo 4Qr) - 9:Qr)
1
+84<|AVR|2+E( E(O)AQR)-AQR)]dx, (4.42)

c ! ‘ .
SN / [ (19v&l? + = Mquo (Mo Q) - (Mo Qi) )

R3

1
+ 82<U|AVR|2 + EMQ(O) (HSQ«)) 3QRr) - (7'[6(0) 3iQR)>
I
+ &} (VAR + ~ Mo (Hgo AQk) - (Hgo AQr)) Jdx.  @43)

where 1 > 0 and HE(O)QR =Moo Qr +eG(Qr).

Using the fact that ’HQ(O) is positive semi-definite and ./\/la(lo) is positive definite, we immedi-
ately obtain the following lemma (cf. [39,21]).

Lemma 4.5. There exists a positive constant C, such that

1
IQrII ;1 + 1(eV2QR, 2 V3QR) I 2 + I|(VR, eVVR, £2V2VR)|| 2 <CE2,

H (8_1H€Q(0)QR, VHEQ(O)QR, SAHEQ(())QR) HLZ SC(G + ‘S)%a
|(VG(Qr), 2 AGQR) | 12 + | (VY& V2VR, 2V V)| ;2 <C(E + )2

Corollary 4.6. Let E and F be defined by (4.32) and (4.33), respectively. Then it follows that

E<CE, F<CE+3)r.
The a priori estimate for the remainder (Qg, vg) is stated as follows.

Proposition 4.7. There exist two functions C and f depending on (Q®, vy and the parameters
of the system (but independent of ¢), such that if (Qgr,VR) be a smooth solution to the system
(4.39)—(4.41) on [0, T, then for any t € [0, T, it satisfies

%L’E(r) +8(@) =CEE)1 + €) +ef(€) + C(eE)es.
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To ensure the closure of energy estimates, we need to control the singular term
%(QR, 0y (HQ(O))QR>, which comes from the L2-inner product %%(QR, H8<0>QR>~ The singu-
lar term possesses a good upper bound as a result of the eigen-decomposition (2.10), given in the

following lemma.

Lemma 4.8. For any § > 0, there exists a positive constant C = C(8, |V, xp|lL>, Vbl L)
such that for any Q € Q, it follows that

1 1 2 1
~[Q. 81 (Hg0)Q) =8| ~Heo Q| , + G (S Hgo Q. Q)+ 1QIE).

where HB(O,Q =HooQ+eG(Q).

Proof. Recall the decomposition Q = Q1 + Q with Q € KerHQm) and Q, € (KGI'HQ(O))J'.
Then, we obtain

1 1 2
E(Q, at (HQ(O))Q) =g<QT, at (HQ(O))QT) + E(QL, 8¢ (HQ<0))QT>
1
+ E(QL, 0 (HQ(O))QJ_>. (4.44)

We deal with three terms on the right-hand side, respectively. From (2.10), we deduce that

7
dey 0 dey 0
0, (Hoo) = Zxk(ip"—p Dertec® -t oF). (4.45)

Due to the orthogonality (ex, Q1) = 0, the first term on the right-hand side of (4.44) vanishes.
For the second term, we derive from Proposition 2.5 that

1 1
E<QJ_» 3 (Hoo)QT) = <7-{,6(10) (3 (Hoo)QT). EHQ(O) Q>
_ 1, _
= <'HQ(10> (3 (Hoo)QT). EHQ(O) Q) - (HQ<10> (3 (Ho)QT). G(Q))

1
=CllopllLelQrilLe gHamQ

L2 FCUVQIL: + Q7).

where C| depends on || V; xp||r and ||V;p|| L. Using Proposition 2.5 again, the third term on
the right-hand side of (4.44) can be estimated as

1 1 1
QL. 3 (How)Qu) <Cllap Il —1QLI7: = Cllaplx ~(Ho0 Q. Q)
1
<Cl|9rpll L g(HB(O)Q, Q),
where we have used the fact that (Q, G(Q)) > 0. This completes the proof of the lemma. O
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Proof of Proposition 4.7. The proof will be divided into four steps.
Step 1. L2-estimate. From the system of remainder (4.39)—(4.41) and Lemma 4.5, we deduce
that

1
(8:Qr, M0, Qi) + —((Hy0 Qr), Qi)
= (M&l(» (Vooikr) Qr) + (R, M(_I(IO)QR>
< ClIQrI 2 (IVVRII 22 + R 12) < 80F + Cs, € + CRI 7. (4.46)

together with the following relation:
1 &
(@rvr. V&) + (0 Qr. ~Heyo Qi)
1

+ 77||VVR||iz + g(MQ«)) (HB(O)QR)’ HSQm)QR)

—(Powxr. kr)— <NQ(0) ( Q(O)QR) KR> (V-R+R, vg)

1
+ <VQ(0) KR, 57‘[6(0) QR> + <§R, EHB(O)QR)
<80F + Cs, € + C|R7>. 4.47)

where we have used the relation N = Vé(o

Step 2. H'-estimate. We apply the derivative 9; on (4.39) and take the L>-inner product with
Q(O) 8;Qg. Again by acting 3; on (4.40) and taking the L>-inner product with 9; v, we deduce

that

, and the positive definiteness of Py .

e2(0:9i VR, 0 Vr) + £(0:0:Qr. Heyo 0:Qr) + X0l VO VR 72
=—&(8; (Poor). dikr) — &(0i (Ngo (Hng)QR)), Vo;vg)
— (3 (MQ(O)HgQw)QR)’ Q<0>8 Qr)+ (9 '(VQ@)"R)’Ha(maiQR)
+&%(V- R+ 4R, 0;vr) + e(8:R, Hey0, 0 Q)

I+ I+ IV+V VL (4.48)

The terms on the right-hand sides can be estimated as follows:
I < — &Poodicg, dikg)+ ClleVyrll 2leVaQgll 2 < 808 + CE,
11 < —eNgo (7'[6(0) 3;Qr), Vi vg)
+ 8<[MQ<0> Hoo, 91Qr + e[Mq0§, 3 1Qr. VaiVR>

N (Ho0 % Qr). Vi vr)+ CUIQrI 12 + €l Qrll z2)Ie ViVl 12
N (Ho0 9% Qr). Vo;vR)+ 80 + C€,

— &

— &
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111 < — <MQ<0> (7'[6(0) 3 Qr), Q(()) %Qr)+ ([MQ<0>'H6«», 9;1Qr, 'HE«» 3 Qr)
— (Mg (o0 8 Qxr). Q(()) 3%Qr)+ CUIQrI 2 + el Qrll 12) | Hyo0 % Qr I .2
- (Mq<0> (’Ham) 3 Qr), Q(()) 3 Qr) + 805 + C€,
<VQ<0> diKR, ’HQ«» 3Qr)+llVVRI L2 ||7'lQ<0) 9 Qrll;2
§8<VQ<0> dikr: Hyo 3;Qr)+ 80T + CE€,
<llediRN211eVIvrllz2 + ledi Rl 2 1€0i VRl L2
<805 + CE + Clledi R,
VI <60 Rl 211 H 0,0 Qr I 12 < 80T + Clled:R|7,.

IA

I/\

Consequently, substituting the above estimates into (4.48) and using the cancellation relation
yields

(9, VR, 8;VR) + (9,3 Qg, Hoo 3;Qr)
+& 0 Vaivel s + (Moo (Heyo % Qr), Heyo 3 Qr)

<808 + CC+ Clled; RII3,. (4.49)

Step 3. H? esnmate Similar to Step 2, we first apply the derivative operator A on (4.39),
then multiply with ’HQ«)) AQg and integrate the resulting identity on R3. Again applying the

operator A on (4.40) and taking the L?-inner product with Avg enable us to derive the following
equality:

84(3,AVR, AVR> + 83<8;AQR, ’Ha(o) AQR)
=—e"n[|VAVRI7, — e} {Pgo Akr, Akg) — £ (Ngo (Hoo AQr), Axg)
— &2 (Mqo Moo AQr). Heyo AQr) + & (Voo Akr. Heyo AQR)

—e*{[A, Poo kg, Akg)+&([A, Voo lkr: Heo AQg)

7
—eX([A, Ngo Hyo 1Qr, Akr) = e2{[A, Moo Hyo 1Qr. Heyo AQR)
I
+e (V- AR+ AR, Avg) + (AR, Hyo AQr)- (4.50)
13

For the terms Z; (i = 1, 2, 3), using Lemma 2.11 and Lemma 4.5, we derive that

I <Clle’cr g1 lle* Mgl 2 + Clle” kgl g1 e Hgyo AQRIl L2 < 80 + CE,

QO
T, <C(|leQrll g1 + 17 GQR) I ) (Il6* Axrll 2 + leH g0 AQRrIlL2) < 80T + CE€,
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T3 <C(I|e*VAVR 2 + €2 AVl 2 + gy AQrI 2) l€* AR 2

<80F + C(€+ [|e* AR|7,).

Combining the above estimates with (4.50) yields

84(31AVR, AVR) + 83(31AQR7 ,Hi)(o) AQR>
< —e"lIVAVRIZ, — 2 (Moo (Moo AQR), Hon AQR)

+805 + C(€+ |e2AR]7,). (4.51)

Step 4. Closure of error estimates. Recall the definition of 7—[6(0) Qr and Lemma 4.8. It follows
that

1d . 2 . 1
EE(QRv HQ(O)QR) =E(31QR, HQm)QR) + g(QR, 3 (Hoo)Qr)
2

<_

&

1 2
=~ {0:Qr. Hiyo Q) +8| ~Heo Q|

1
+ G (Mo Qe Qu) + Q1 ).

which further implies that

1 d 1
£E<QR’ Ha(o)QR) =< E<atQR’H£Q(O)QR>+(SS+ Cce.

In a similar argument, we obtain the following inequalities:

ed
3 E(aiQR, 7‘%«» 3 Qr) <&(0,0;Qr. Hf)“” 3 Qr)+ 83 + C€,

g3 d
?E(AQRy 'HE(O) AQg) <33, AQk, Ha(o) AQg)+ 83+ CE€.

Therefore, together with (4.46)—(4.47), (4.49) and (4.51), by using the property of good terms R
and Corollary 4.6, we arrive at

1d
53 EO+8M) 6T+ Cse+ I3, + le VRIZ, + lle* AR2,

<6F+Cs¢+CEE)1+E+sF)+¢f(E)
<8F+ Cs€ + C(e2&) (1 + €+ £%F) + 2 f(€),

which concludes the proof of Proposition 4.7 by taking § enough small. O
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4.4. Proof of Theorem 1.2

Given the initial data (Q°(x, 0), v¥(x,0)) € H 3 % H?, Theorem 1.1 tells us that there exists a
maximal time T, > 0 and a unique solution (Q?, v¥) to the system (1.12)—(1.14) such that

Q° € C(0. To): H), v € C(10, To): HH N L0, Tus HY).

From Proposition 4.7, we have

d

E@(t) +3(1) < CEe®) (1 + €) +&f (€) + C(e®)eF,
for any ¢ € [0, T;]. Under the assumptions of Theorem 1.1, it follows that

€(0) = C1(IV gl + 1Q5 gl g+~ 12°(Q5 p)ll 2 ) = €1 Eo.
Let E1 = 2+ C1Eg)e! —2> &(0), and
Ty =supf{t € [0, Tc] : €(t) < E1}.

If we take g9 small enough such that

C(eoE1) <1, ef(E)<1, &=

N =

Then, for t < T}, it holds %G(t) < 2 4 €. Hence, by means of a continuous argument we con-
clude that T < T, and €(¢) < E| for t € [0, T]. This completes the proof of Theorem 1.2.

5. Rigorous uniaxial limit of two-tensor hydrodynamics

We have mentioned that the minimizer of the bulk energy Fj may be uniaxial. In this case,
under the limit ¢ — 0 the two-tensor hydrodynamics is reduced to the Ericksen—Leslie model, for
which the formal derivation is given in [22]. Following the procedure in this work, the rigorous
uniaixal limit can also be established. In what follows, we point out the main differences from the
biaxial limit, with comparison with previous works on the uniaxial limit of one-tensor models.

The uniaxial minimizer has the following form:

i
0" =si(nf-3). i=1.2. 5.1)

where s; (i = 1, 2) are two scalars, and n; may take any unit vector. Thus, the uniaxial minimizer

(5.1) determines a two-dimensional manifold. Let us denote Hp, def Hoo =T "(Q©). Analo-
gous to (2.9), the tangential space of the manifold at n; gives belongs to the zero-eigenvector
space of the Hessian of Hy,. Here, we still assume that the tangential space and the zero-
eigenvalue space are identical (cf. Assumption 1). In other words, KerHy, is a two-dimensional
subspace of Q. It is worth noting that Ker#y, depends on s;. This is different from one-tensor
models, where such kernel is independent of the scalar, given by {n; ® n} +n} ® n; :n| L n;}.
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The kernel space KerHy, is used to cancel the non-leading terms in the Hilbert expansion (cf.
the discussion below (4.15)). Then, the uniaxial version of the O(1) system (4.6)—(4.8) can be
reduced to the Ericksen—Leslie model.

The solvability of the Q®)(k = 1,2, 3) and v(*)(k = 1, 2) is also handled by projecting Q*’
into the two spaces KerH,, and (Ker?‘-lnl)L by 2™ and Z7°U, respectively. Taking the solv-
ability of the O (¢) system (4.9)—(4.11) as an example, the key ingredient is to derive a closed
system for (Q%}), v(D) and to show that such a system is linear and has a closed energy esti-
mate. However, in the uniaxial case, we still suffer from the difficulty that the projection 2™
and the operator M(® are noncommutative. Actually, the commutativity in the previous works
[39,21,20] for one-tensor models is a special result from the fact that their kernel is indepen-
dent of scalar order parameters. This implies that the method by directly taking the projection
2™ on the O(g) system will no longer be available, since M(O)HQ(O)Q(Z) ¢ KCFHQ(O) even
if HQ<0>Q(2) € Ker?-lQ(O). Thus, we here overcome the difficulty by the same way in Subsec-
tion 4.2. The only difference is that the kernel space KerH o is a two-dimensional but not a
three-dimensional subspace.

For the system for the remainder, we also need to deal with the singular term
%(QR, 0y (HQ(O))QR> in €. In the uniaxial case, we still have the eigen-decomposition in the
form (4.45), but the number of the e; is now eight instead of seven. The other estimates are
established identically.
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Appendix A. Biaxial minimizer and its Hessian

We give one numerical example to illustrate why we can claim Assumption 1. In the bulk
energy Fj, we take the entropy term as the quasi-entropy v E», and the coefficients as

cop = —35v, co3=-—-20v, coq4=-—20v.

Numerical experiments indicate that the minimizer is biaxial with

s1~0.6263, by~ —0.0526, sy~ —0.2377, by~ 0.2890.
At this minimizer, let us look into the eigenvalues of the Hessian. There are three eigenvalues
very close to zero (with absolute values < 10~%). The other eigenvalues are all positive, with the

smallest one taking the value ~ 8.4870.
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Appendix B. Some basic estimates in Sobolev spaces

The following product estimates and commutator estimates are well-known, see [37,2] for
example, and frequently used in this paper.

Lemma B.1. Let s > 0. Then for any multi-index «, B, v, 8, it follows that

10 £8P gllrs < C(ILF oo gl rs+iaripr + gl oo Il £ 1l gs+iatipr)
19% foP gll s < CIIf Wl gssiaisiv Il grssipeiss, — if s + |y | +18] = 2.

In particular, there holds

1fglms < C(Iflle=lglas +lghzoell fllms);
Ifgllas = Clfllmslighas,  ifs =2
I fgllge <= Cmin{|| fllgeligl g2, 1 f | g2 lgl ge},  FO<k<2.

Lemma B.2. Let s > 0 and F(-) € C®(R?) with F(0) = 0. Then we have
IE O as = CALf L) Lf Nl s
Lemma B.3. Assume that « is a multiple index. Then it follows that
I00%, g1 £z < C(IVgILell £l a1 + IVl griai=t Il £l ).
In particular, if |@| > 2, there holds
110, g1f 12 < Cllgl e | fl g1, NE* T, g1 22 < Cligl grati | 1| g

Lemma B.4. Let Q be a convex domain in R¢ and k > 0 be an integer. Assume F(-) € C®(2)
and k' = max{k, 2}. Then it follows that

£ ) = F)ll gr = Clullzee, [ollzee) (X + lull g + 0l o) e = vl .

Proof. We may as well assume F’(0) = 0, otherwise, we consider G(u) = F(u) — u - F'(0).
Choose any two points u, v € RY, u # v. We have

1

F(u) — F(U):/ %F(v—i—t(u —v))dt
0

1
=(u —v)-/F’(v—l-t(u —v))dr.
0

Consequently, from the above equation, we can derive that
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[ Fu) = F)llz2 <llu—vlg2 sup [[F'(v+1@—v))llLe
te[0,1]

= Cllullzee, lvllizeo)llu — vl 2,

IV(E@) = F)l2 <V —=v)L2 S;)pl] IF'(v+t(u—v)Le
tel0,

+llu = vl sup [IV(F'(v+t@—v)lg
1e[0,1]

= Cllullzee, lvllzee) (ull g2 + vl g2l = vl g1

Further, for k£ > 2, we have

I1F @) — F)llgr < C(IIu — vz 81(1)p1 I1F (v 41— )| g
tel0,1]

+llu—vlgr sup ||[F'(v+1t(u— U))||L°°)
tel0,1]

= C(llulizoe, llvllzoe) (X + llull ge + vl g llu — vl .

In the above derivation, we have used the following estimate:

IF' (04t —v)lge < CUv+1@—v)llre) v+t —v)lly

< C(llullpoe, lvllLeo) Nall g + N1l ga)s
which can be induced by Lemma B.2. Thus, we conclude the proof of the lemma. O
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