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1 Introduction

Throughout this paper, k£ is an algebraically closed field, all algebras are connected, basic, finite-
dimensional, associative k-algebras with identity, and all modules are finite-dimensional right modules,
unless stated otherwise. During the study of the representation theory of finite-dimensional algebras,
the classification and distribution of indecomposable modules play a significant role. Besides the famous
Brauer-Thrall conjectures [1,6,7,9,10], Bongartz [4] and Ringel [8] proved the following elegant theorem.

Theorem 1.1.  Let A be a finite-dimensional algebra. If there is an indecomposable A-module of length
n > 1, then there exists an indecomposable A-module of length n — 1.

Since Happel [5], the bounded derived categories of finite-dimensional algebras have been studied
widely. The classification and distribution of indecomposable objects in the bounded derived category is
still an important theme in representation theory of algebras. In this context, the definitive work was due
to Vossieck [11]. He classified a class of algebras, derived discrete algebras, i.e., with only finitely many
indecomposables distributed in each cohomology dimension vector in their bounded derived category. In
the research of Brauer-Thrall type theorems for the bounded derived category of an algebra [12], some
numerical invariants, i.e., the cohomological length, width, and range of a complex in bounded derived
category are introduced: let A be a finite-dimensional algebra with D?(A) the bounded derived module
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category, the cohomological length, cohomological width, cohomological range of a complex X*® € Db(A)
are

hl(X®) := max{dimH"*(X*) | i € Z},
hw(X*®) :=max{j —i+ 1| H(X®) # 0 # H/(X*)},
hr(X*®) := h1(X*®) - hw(X*®),

respectively. Moreover, the derived Brauer-Thrall type theorems are established in [12] with cohomo-
logical range to be the replacement of length of modules in classical Brauer-Thrall conjectures. Note
that there is a full embedding of modA into D’(A), which sends any A-module to the corresponding
stalk complex. Obviously, the dimension of an A-module M is equal to the cohomological length and the
cohomological range of the stalk complex M. As pointed out as a question in [12], it is natural to consider
the derived version of Bongartz-Ringel’s theorem and ask whether there are no gaps in the sequence of
cohomological lengths (ranges) of indecomposable objects in D?(A).

Question I.  Is there an indecomposable object in D°(A) of cohomological length | — 1 if there is one
of cohomological length [ > 27

Question II. s there an indecomposable object in DP(A) of cohomological range r — 1 if there is one
of cohomological range v > 27

Evidently, the questions have positive answers for representation-infinite algebras by Bongartz-Ringel’s
theorem for the module category of algebras. However, it seems difficult to give answers for general finite-
dimensional algebras to the above questions since we know little about the description of indecomposables
in the bounded derived category.

In this paper, we prove that for gentle algebras, the answer to Question I is positive, but the answer
to Question II is negative. To be precise, there is no gaps in the sequence of cohomological lengths
of indecomposables in the bounded derived category of gentle algebras. In addition, we construct a
gentle algebra Ay such that there is an indecomposable object in D¥(Ag) of cohomological range 7o but
no indecomposable object with cohomological range ro — 1. Our result relies on the constructions of
indecomposables in the bounded derived category of gentle algebras due to Bekkert and Merklen [2].

The paper is organized as follows. In Section 2, we recall the constructions of indecomposable objects
in the bounded derived category of gentle algebras. In Section 3, we prove the main theorem of this
paper. Finally, we produce a gentle algebra which demonstrates that Question IT has a negative answer.

2 Indecomposables in bounded derived category of gentle algebras

In this section, we mainly recall the description of the indecomposable objects in the bounded derived
category of gentle algebras from [2].

Let A be an algebra admitting a presentation kQ/I, where @ is a finite quiver with vertex set Qo and
arrow set 1, and where I is an admissible ideal of kQ. Throughout this paper, we write the path in
kQ/I from left to right. Recall that A = kQ/I is a gentle algebra if

(1) the number of arrows with a given source (resp. target) is at most two;

(2) for any arrow o € @1, there is at most one arrow § € @ such that s(a) = t(8) (resp. t(a) = s(B))
and Ba € I (resp. af € I);

(3) for any arrow « € @1, there is at most one arrow v € @1 such that s(a) = t(7y) (resp. t(a) = s(v))
and ya ¢ I (resp. ay ¢ I);

(4) I is generated by a set of paths of length two.

Let A = kQ/I be a gentle algebra. We need to recall some notation. For a path p = @z - - -« with
a; € Q1, we say its length [(p) = r. Let Pazq be the set of all paths in kQ/I of length greater than 1.
For any arrow a € 1, we denote by a1 its formal inverse with s(a~!) = t(a) and t(a~!) = s(a). For
a path p = a1as - - @, its inverse p~! 1ot

N -1 _ .
=, a,---a) . Asequence w = wiws - - - Wy, is a walk (resp.
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a generalized walk) if each w; is of form p or p~! with p € Qy (resp., p € Pa>1), and s(w; 1) = t(w;) for
1=1,2,....,n—1.

We denote by St the set of all walks w = wyws - - - wy, such that w11 # w; L for each 1 < i < n and
no subword of w or w™! lies in I. We call an element in St a string. By Gst we denote the set of all
generalized walks such that

(1) W;W;41 € I if Wi, Wit1 € Pa>1;

(2) wihw; "t e Iif wi' w| € Pasy;

(3) wjw;4+1 € St otherwise.

We write Gst the set consisting of all trivial paths and the representatives of Gst modulo the relation
w~ w~ ' An element w = wiws - - - w, in Gst is called a generalized string of width n.

Generalized bands are special generalized strings. Before its definition, we need the following notation.
Let w = wyws -+ - wy, be a generalized string. Set 1, (0) = 0, phy(i) = po (i — 1) — 1 if w; € Payq and
(i) = (i — 1) + 1 otherwise. Suppose GBa is the set of all generalized walks w = wyws - - - w,, such
that

(1) s(w1) = t(wn);
(2) pw(n) = p(0) = 0;
(3) w? = wiwy - - - wpwiwy - - w, € Gst.

L and

We denote by Gba the set consisting of the representatives of Gba modulo the relation w ~ w™
WiW3 -+ - - Wy ~ Wa - - - wWuwi. We call an element in Gba a generalized band.

By the description of Bekkert and Merklen [2], a generalized string in A = kQ/I corresponds to a
unique indecomposable object of bounded homotopy category K°(projA) up to shift, while a generalized
band w corresponds to a unique family of indecomposables {PJ) yIA ek, d>0}in K®(projA) up to
shift, in which Pp \ and Py ,, have the same cohomology dimension vector for any A, N. Thus A is
derived discrete if and only if A contains no generalized bands (see [2,11]).

Let o be a path in Pax;. Then it induces a morphism P(c) from P,(,) to Py(q) by left multiplication,
where P; is the indecomposable projective right A-module e; A associated to vertex i. More precisely,
P(a)(u) = au for any u € kQ/I.

Definition 2.1. Let w = wyws - - - w, be a generalized string. Then the complex of projective modules

1 ) i1
dy, d, .

P = ... P —"s pitl “ o ... is defined as follows. The module on the i-th component

@ (b (J Pejy,

where § is the Kronecker sign, ¢(j) = s(w;+1) for j < n and ¢(n) = t(w,). The differential d’, is given
by the matrix (d? ) with entries, where

P(wj), ifw; e Pazq, po(j)=4, k=j-1,
k= Pwily), ifwily €Pasy, po(j)=1i, k=j+1,
0, otherwise.

Definition 2.2. Let w = wjws - - - w, be a generalized band. Then for any A € k*, d > 0, the complex
of projective modules

i—1 i i1
o pi i pitl i
wA T w,A w,A

is defined as follows. The module on the i-th component

w)\_GBéMw )
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P wj)Idd, if W S Pa>1, Mw(]) = 7;7 k :.7 - 17
P wj_jl)]:dda if wj_jl S Pa?la Mw(]) = i? k= .7 + 1a

§)k = ¢ P(wy)J x4, if w, € Paz1, pun)=0=14, k=n-1,
Pw, Y ya, ifw,t€ePasy, puin—1)=i, k=0,
0, otherwise,

where J) 4 is the upper triangular d x d Jordan block with eigenvalue X € k*.

Note that the definitions above are slightly different from the ones in [2] since we consider right
projective modules throughout this paper.

Recall that a complex X® = (X¢ d) € C(A) is said to be minimal if Imd* C radX**! for all i € Z.
For a complex P* in C~®(projA) of the form

o df'n.fl _ a-" 7 dmfl
PP=... sp "l pris Pt P,

its brutal truncation o»_, (P*®) is
dwn—l

0>_n(P*)=0— P7" 4 prt T pm Ly,

The following lemma due to [12, Proposition 2] sets up the connection between the indecomposable
objects in K(projA) and those in K ~*(projA).
Lemma 2.3. Let P* € K—*(projA) be a minimal complex and —n := min{i € Z|H'(P*) # 0}.
Then P*® is indecomposable if and only if so is the brutal truncation o;(P*®) € K*(projA) for some
j < —n or for all some j < —n.

Let A be a finite-dimensional algebra and P* € K®(projA) an indecomposable minimal complex of

the form - o ., »
pr—0—pndypmitd s 4 p-1d po_ g

Now we can construct a minimal object in DY(A) by eliminating the cohomology of minimal degree.
Suppose H~"(P*) = Kerd™"™. We take a minimal projective resolution of Kerd™", say

—n—2
pP*=... 5 p 2l pnl

Gluing P’® and P*® together, we get a minimal complex

—n—2 —n—1 a-"

BP) = —yp 2 pmtd L pend I po o,
where d~"~! is the composition P~"~! — Kerd~™ < P~". Note that H~"(8(P*)) = 0, and H?(3(P*)) =
HI(P*®) for j # —n.
Lemma 2.4.  Keep the notation as above. Then S(P®) is indecomposable.

Proof. If H-™(P*) = 0, then 8(P®) = P* and the statement follows. Now suppose H~"(P®) # 0.
Since P* is the brutal truncation o _,(8(P*)), which is indecomposable and H*(3(P*)) = 0 for all
i < —n, B(P*) is indecomposable by Lemma 2.3. O

The following theorem from [2, Theorem 3| provides an explicit description of the indecomposables in
the bounded derived category D’(A).
Theorem 2.5. Let A = kQ/I be a gentle algebra with [—1] the shift functor in D*(A). Then the set
of indecomposable objects in K®(projA) is
{Pyli]|w € Gst,i € Z} U{P} ,[i] |w € Gba, A € k", d >0, i € Z}.

Moreover, the indecomposables in K~ (projA)\ K®(projA) is of the form B(P2) for w € Gst with certain
conditions.
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3 Question I for gentle algebras

In this section, we will discuss the cohomological lengths of the indecomposables in the bounded derived
category of gentle algebras. Indeed, we prove the following theorem.

Theorem 3.1.  Let A be a gentle algebra. If there is an indecomposable object in DY(A) of cohomological
length | > 1, then there exists an indecomposable with cohomological length | — 1.

Before the proof, we need some preparations. First, we recall the definitions of some numerical invari-
ants for finite-dimensional algebras introduced in [12].

Definition 3.2. Let A be a finite-dimensional algebra with D?(A) the bounded derived category. The
cohomological length of a complex X*® € Db(A) is

h1(X*®) := max{dimH"(X*)|i € Z}.

As well known, there is a full embedding of modA into D?(A), which sends an A-module M to the
corresponding stalk complex and the cohomological length of the stalk complex M equals dimension of M.
If A is representation-infinite, i.e., there exist indecomposable A-modules of arbitrary large dimensions,
then the global cohomological length of A

gl.hlA := sup{hl(X*®) | X* € D’(A) is indecomposable}

is infinite. Moreover, by the Bongartz and Ringel’s theorem, Theorem 3.1 also holds for representation-
infinite algebras since the Brauer-Trall conjecture I holds in this case [1,9].

Definition 3.3. The cohomological width of a complex X*® € D°(A) is
hw(X®) ;= max{j —i + 1| H"(X®) # 0 # H (X*)},
and the cohomological range of X*® is
hr(X*®) :=hl(X°®) - hw(X*®).

Since the cohomological width of a stalk complex is one, the cohomological range of a stalk complex is
precisely the cohomological length. Thus, there is also no gaps in the sequence of cohomological ranges
of indecomposable objects in D’(A) if A is representation-infinite. Moreover, the cohomological length,
width and range are invariant under shifts and isomorphisms.

Let A be a gentle algebra. By Theorem 2.5, any indecomposable complex P* € D¥(A) is of the form P2,
determined by a generalized string w, or of the form S(PJ) for some generalized string w, or of the form
P* = P§  determined by a generalized band w. Thus we divide the proof of Theorem 3.1 into three
theorems as follows and their proofs depend strongly on the description of the indecomposables in the
bounded derived category of gentle algebras due to Bekkert and Merklen [2].

We should recall more notation for a gentle algebras A = kQ/I from [2, 3], some of which are slightly
different for our convenience. For any p € Pay1, there is a unique maximal path p = pp starting with p.
Besides the path p, there may be another maximal path, say p, beginning with the starting point s(p)
of p. If this is not the case, we write I(p) = 0. For any walk p = p1p2---p; and any j < [, we write
mj(p) = Dj1Pj+2 - - for the walk truncating the first j arrows from the path p along the positive
direction. Similarly, we write x; (p) = p1p2 - - - pi—j for the walk truncating the last j arrows from path p
along the negative direction. Moreover, for a path a, we denote by @ the generalized string aajag -+ of
maximal width with «; € Q1. Note that acy € I, a1 € I for i > 1, and @ = « if there is no such
arrow o that aaq € 1.

Now we are ready for the following theorem.

Theorem 3.4. Let A be a gentle algebra. If there is an indecomposable P2 € K®(projA) determined
by a generalized string w such that hl(P*) =1 > 1, then there is an indecomposable P'® € D®(A) with
hi(P*)=1-1.
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Proof.  We shall divide the proof into two cases.

Case 1. Let w = wywsy - - wy, be a one-sided generalized string, i.e., w; € Payq for all 1 < i < n,
or w; e Pa; for all 1 < i < n. Without loss of generality, we assume w; € Payq forall 1 <7 < n
(otherwise, we can consider the generalized string w™!, and they determine the same complex). Let P*®
be the complex determined by w of the form

. P(wy,) P(wp—1) P(w2) P(wy)
Py = 0—=Pw,) — Piwn ) — = — Liwr) — Pswr) —0,
where Py(,,,) lies in the 0-th component. Thus,
dimH(P}) = dimPy(,,) — dimImP(wy)
= dim-Ps(wl) - dimwlpt(wl)
= (l(wy) + I(wy) + 1) = (l(w1) +1)
= l(w1) + I(w).
Forany 1 <7< n—1,
dimH ~¢(P?) = dimKer P(w;) — dimImP(w; )
— (@) — ((@51) + 1)
= l(’LUH_l) —1.
Similarly,
dimH " (P}) = dimKerP(w,,) = #{p € Paz1 | w,p = 0}
0, if there is no arrows « such that w,a = 0,
I(&), if there is an arrow « such that w,a = 0.

Now we suppose
i = max{j| dimH 9 (P}) = hl(P});0 < j < n}.

We consider the possible values of ¢ in each case.

(1) If i = 0, then dimH(P2) < dimH%(P2) for any j # 0. Now we want to obtain a generalized
string, which determines a projective complex whose cohomological length equals to dimH°(P2) — 1
=(wy) + l(wy) — 1.

If I(wy) = 0, namely, w; is the unique maximal path starting from s(w;), then we get a generalized
string w’ = k] (w1 )ws - - - w, by the truncating from positive direction. Now if there is a unique maximal

path beginning with s(w’) = s(x] (wy)), then
dimH®(P?)) = I(k] (w1)) = l(w1) — 1 = dimH°(P2) — 1,

and the cohomologies of other degrees remain unchanged. Thus P’ = P2, is as required with hl(P’®) =

[ — 1. If there is another arrow p starting from s(w’) besides w’, then we set w” = p~ k] (w1 )ws - - - wy,.

Indeed, the complex P?, determined by w” can be illustrated as follows:

P(wy) P(wn_1) P(w2) P(r7 (w1))
0 —— Pyw,) — Piwn_) — """ — ) ——> 1 skt (wy)) —0
P(p)
P(p1)

with PS(KT(M)) on the 0-th component. Now we calculate the dimension of cohomologies of Pg,,:

dimH(Py,) = dimP,,+ () — dimlm(P(x{ (w1)), P(p))
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= Uk (w0) + 1) + 1 — (I(nT (1) +1) = (1(F) + 1)
= Ukt (wn)) + U(p) — 1 = U (1))
=l(wy) — 1 =dimH*(P?) — 1. (%)

Moreover, the cohomologies of other degrees remain unchanged since p; € Q1. Note that if p~! is a walk
of infinite length, then P2, is of the form §(Py), where u is a generalized string obtained by truncation
of w” at certain position. So P2, is indecomposable. Thus P’® = P2, is as required with hl(P’®) =1—1.

If I(wy) = a > 0, then we set w' = ﬁ_lwlwg -+ +wy. By the calculation as in the equation (x),
dimH°(P) = l(wq) + l(wy) — 1 = dimH°(P?) — 1, and the cohomologies of other degrees remain
unchanged. Thus P’* = P2, is the complex as required.

(2) If 1 < i< n—1,since dimH*(P?) = l(w;+1) — 1 = hl(P2), we only need to consider the case
l(wit1) > 2. We set the generalized string w’ = n;(wiﬂ)wwg -+ w, obtained by truncating from the
positive direction. Similar to the discussion in Case (1), if k3 (w;41) is the unique maximal path beginning
with s(kg (wit1)), then w’ determines an indecomposable P?, such that

dimH (P}, [~i]) = dimHO(P},) = 1(s§ (wi11))
= l(wiy1) — 2 =dimH *(P?) — 1 =hl(P?) —

and dimH ~/(P?,[—i]) = 0 for any j < i, dimH 7 (P?,[—i]) < dimH 7 (P2) < dimH ~*(P?) for any
j > 4. So P2, [—i] is the complex as required in this case. If there is another arrow p beginning with
s(k3 (wit1)), then we set w” = p kg (w;r1)wir2 - w,. By a similar calculation to that in Case (1),
P’* = P2, satisfies hl(P’®) = hl(Pg) — 1.

(3) Finally, for the case ¢ = n, if there is no arrow « such that w,a = 0, then hl(P?) = 0, which is
impossible. Let o be such an arrow that w,a = 0 and I(&) > 1. Then we choose the generalized string
w' = K (&). With a similar discussion to the above, if there is a unique path beginning with s(w’),
then w’ determines the indecomposable object P?,. Set the indecomposable object P’ = 3(P2,). Then
we have dimH ~"(P'*[—n]) = dimH°(P?,) = (&) —1 = dimH ~"(P?)—1 = hl(P2), and the cohomologies
of other degrees vanish. Therefore hl(P’*) = h1(P*) — 1. If there is another arrow p beginning with the
starting point of w’, then set w” = p~tw’ = p~'x] (&) and P’* = B(P2,). Thus dimH " (P'*[-n]) =
dimHO(P?,) = I(k] (&) +1(p) — 1 = (&) — 1 = dimH " (P2) — 1 = hl(P?), and the cohomologies of
other degrees vanish.

In the above three cases, the construction of the indecomposable object P’® is based on the generalized
string obtained via truncation from the positive direction. Indeed, in each case, we can also obtain
another indecomposable object by truncating the generalized strings from the negative direction. We
shall take Case (2) above for example. First, we set

i = min{j | dimH 7 (P?) = hl(P2);0 < j < n}.

Now, we need to reduce the dimension of i-th cohomology by 1 and eliminate the j-th cohomology for
j < —i. We get a generalized string w’ = wy -+ - w;k] (wi11) by truncation from the negative direction.
As in Case (1), we glue w’ and a generalized string together if needed to eliminate the cohomology at
certain degree. To be precise, if there is no arrow « such that ] (w;+1)a € I, then P’® = P2, is also an
indecomposable object with hl(P’®) = hl(P®) — 1 as required. If there is an arrow « with k] (w;11)a € I,
then we set w” = wy - - - w;k] (Wi41)@. Then by a similar calculation, P'® = P?,, is also an indecomposable
object with hl(P’®) = hl(P®) — 1 as required. Note that in this case, P'* = P2, = S(P2)).

Case 2. Let w = wjws ---w, be a generalized string. Without loss of generality, assume that wfl, wgl,
wyt € Pazy and wgy1, Weta, ..., wy € Pazy, while w;ll € Paz;. Then w determines the indecom-
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posable object P2 of the form

P(w;!) Plw; ) P(wgly)  Plw,ly) P(w; ")
00— Pywy) — — Psw) — Pis(uwisn) s(wq) — Pr(w,)

A—l)
P(w;) P(wr—1) P(wg42)

Piw,y — Pyw,_y) — t(wqr1)

P(m Plw-1!
(UG 2)
P +

where Py(,,,) lies in the 0-th component.
As illustrated above, there may be more than one indecomposable projective direct summands at a
component. Note that at each component, we can order these indecomposable projective direct summands

which have nonzero cohomology along the generalized string w. For example, in the above diagram,
suppose the projective module Py, , ) lies in the i-th component. Then we write P}, = P{&P;®&Pi&b- - -,
where Pf = Pyy,.,), P = Pi(w,_,),- - since the cohomologies are nontrivial at these direct summands.
Then the cohomology of the degree i is the direct summand of cohomologies at these projective direct
summands.

Now, as in Case 1, we want to construct an indecomposable object P’® such that hl(P’®) = hl(P?) — 1.
In order to reduce the dimension of cohomologies of ¢-th degree by 1, it suffices to reduce the dimension
of cohomologies at the first projective direct summand of i-th degree. Indeed, we need to find a unique
projective direct summand @ satisfying

(1) it is the first direct projective summand of its component under the ordering as above;

(2) it lies in the j-th component such that dimH’(P®) = hl(P*);

(3) it is the closest one from the starting point along the generalized string among those satisfying (1)
and (2).

To construct an indecomposable object P’® such that hl(P’®) = hl(P?) — 1, we only need to construct
such P’® by reducing the dimension of cohomology at (Q by 1. By the analysis in Case 1, we can manage
this via truncating the generalized string from positive or negative side and gluing suitable generalized
string of the form p~! or p if needed, except the following two case:

(1) Q is the backward turning points as Py, i.e., @ = Py, for some i such that w;l, wiy1 € Payq.
Let @ = Py(w,) be a backward turning point. Then the dimension of cohomology at this point @, write
Hw)(P2) (it is unnecessarily the whole cohomology group at this degree):

dimH* ) (P2) = dim P (t(w;)) — dimIm(P(w; "), P(wit1))

= (i) + 1w ) + 1= (@) + 1) = (w7 ) +1)
= l(le) + l(w;l) —1.
Set w’' = K] (w;)wig1---w,. Asin Case 1(1), if there is an arrow p such that & (w;)p € I, then we write

w” = p LR (wi)wiy1 - - wp, and w” = w' otherwise. We have dimH (") (P2,) = dimH*")(P2) —1 and
then hI(P*,) = h1(P%) — 1.

w’’
(2) Q is the forward turning point as Pi(y,), i.e., Q = Py(u,) for some j such that w]-7w;_:1 € Pay;.
Similarly let @ = Py(,,) be a forward turning point. Then the dimension of cohomology at this point
dimH""7)(P3) = dimKer(P(w;), P(w; }))"
= dim(KerP(w;) N KerP(wj_Jrll))
= 0,

which is impossible by the choice of Q. O
Now we consider the indecomposable objects in K ~**(projA) \ K®(projA).
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Theorem 3.5.  Let A be a gentle algebra. If there is an indecomposable P* € K~ (projA)\ K®(projA)
such that h1(P®) =1 > 1, then there is an indecomposable P'® € D°(A) with h1(P'®) =1 — 1.

Proof.  Since P* € K~?(projA)\ K®(projA) is indecomposable, by Theorem 2.5, the brutal truncation
0 (P*) € Kb(projA) is indecomposable for some j < 0, and o> ;(P*) = P2 for some generalized string w.
Now we can consider the complex P$ using the similar argument as Theorem 3.4. If dimH’ (P?) < [, then
hl(P?) = [ and the statement from the previous theorem holds. Suppose dimH’(P2) > [. By a similar
analysis to that in the proof of the previous theorem, we can find a unique projective direct summand @
which satisfies the following: it is the first direct projective summand, it lies in m-th component such
that dimH™(Pg) = [ and it is the closest one from the starting point along w. Then we can construct
P2, by reducing the dimension of cohomology at @ by 1. Note that dimH7(P?,) may have the maximal
dimension among the cohomologies of all degrees. If this is the case, then we have an indecomposable
object P2, obtained by gluing a generalized string to w’ to eliminate the cohomology of j-th degree as
in the proof of the previous theorem and we are done. O

To finish the proof of Theorem 3.1, we only need to prove the last case, i.e., for the indecomposable
objects determined by generalized bands.
Theorem 3.6. Let A be a gentle algebra. If there is an indecomposable P* € K®(projA) determined
by a generalized band w such that hl(P®) = | > 1, then there is an indecomposable P'® € DP(A) with
hi(P*)=1-1.
Proof.  Let w = wjws - - - w, be a generalized band. We assume without loss of generality that w; L, €
Pa>; and

1(0) = p(n) = min{u(i) |0 <i < n}.

Then w determines a family of indecomposable objects { PS , |w € Gba, X € k*,d > 0,i € Z}, where Py
has the form of /

P(w; I P(w,)Iq
d R d d < d
s(wi) PS(w2) o Ps(w,,') P)t(w,.)7
d d
Ptwn) o LT

where P(,,) lies in the 0-th component.
By the previous two theorems, it is sufficient to find a generalized string w’ such that hl(8(P2,)) =
hI(Pg ). We claim the generalized string w’ = (wiwz - - -wy,)?% is the one as required. Roughly speaking,

the complex Pj, can be seen as the one untying the “band complex” Pp  into a “string complex”. Let Py,

be the indecomposable object determined by w = wyws - - - w, viewed as a generalized string. Then for
any ¢ € Z except ¢ =0,

dmH (P} ) = d-dimH (P}) = dimH'(B(P},)).
Moreover, if ¢ = 0, then
dimH(P}, ) = dim(KerP(w; ') I; N KerP(wy,)Jx.q) = 0 = dimH°(B(P})).
Therefore, hl(3(Pg,)) = hl(Py, ) as claimed. O

4 A negative answer to Question II

In this section, we will construct a gentle algebra which provides a negative answer to Question II.
Let Ay = kQ/I be the gentle algebra defined by the quiver
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and the admissible ideal generated by a;as. Now we consider the indecomposable object Pj determined
by generalized string w = «y, where

. P(w)
P} =0 Py P 0

with P; in the 0-th component. Clearly, dimH ~}(P2) = 4 and dimH°(P2) = 1. So hr(P?) = hi(P?) -
hw(Ps) = 8.

Next, we claim that there is no indecomposable object in D?(A4g) with cohomological range 7. Assume
to the contrary that there is an indecomposable P* € K®(projAg) with hr(P*®) = 7. Then hw(P*®) =7 or
hl(P*) = 7. We shall show they are impossible. Indeed, by the description due to [2], the indecomposables
in the D®(Ap) are determined by the generalized strings in Ag. Since the indecomposables in D?(Ag) are
determined by the generalized strings, we have

gl.hwAp := sup{hw(X®)| X* € D’(Ap) is indecomposable} = 3.

Moreover, since any generalized string in Ag is one-sided, each component of the indecomposable object
P? € K'(projAy) is indecomposable, and then

gl.hlAg := sup{hl(X*®)| X* € D’(Ay) is indecomposable} < dimP, = 6.
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