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Abstract Let A, be the Beilinson algebra of exterior algebra of an n-dimensional vector space, which is
derived equivalent to the endomorphism algebra Endp, (T) of a tilting complex T' = II7"_Ox (i) of coherent
O x-modules over a projective scheme X = P;’. In this paper we first construct a minimal projective bimodule
resolution of Ay, and then apply it to calculate k-dimensions of the Hochschild cohomology groups of A, in terms
of parallel paths. Finally, we give an explicit description of the cup product and obtain a Gabriel presentation
of Hochschild cohomology ring of A,. As a consequence, we provide a class of algebras of finite global dimension
whose Hochschild cohomology rings have non-trivial multiplicative structures.
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1 Introduction

Representation dimensions of artin algebras were introduced by Auslander to measure homologically
how far an artin algebra is from being of finite representation type [2]. However, during the last thirty
years, there was not much progress in this subject [28,29]. Until recently, Iyama [15] showed that the
representation dimensions of artin algebras are always finite. Then many examples concerning the rep-
resentation dimensions of artin algebras having upper bounds were founded, but little is known about
the lower bounds and even less is known if there exist artin algebras having the representation dimen-
sions larger than 3. Until 2005, by studying the triangulated category, Rouquier [25] showed that the
representation dimension of exterior algebra of an n-dimensional vector space is n + 1, thus gave the
first example of an algebra known to have representation dimension strictly larger than 3. Then Krause
and Kussin [16] showed that the representation dimension of the endomorphism algebra A,, = Ende, (T)
of a tilting complex T' = [[!", Ox (i) of coherent Ox-modules over a projective scheme X = P} is at
least n, thus simplified Rouquier’s original proof concerning the representation dimension which has no
boundary. The algebra A,, is derived equivalent to the Beilinson algebra b(A) of the exterior algebra A
of an n-dimensional vector space (with the usual grading), which appeared in Beilinson’s study on the
bounded derived category of projective spaces, see [4,10]. We also call the algebra A,, Beilinson algebra.
The purpose of this paper is to give a further investigation on the Hochschild cohomology behavior of
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A,,. Note that A, is a triangular algebra (or directed in some literature), all the Hochschild homology
groups of non-zero order are zero.

Hochschild cohomology was introduced by Hochschild in 1945, and was developed and improved by
Cartan and Eilenberg [9, 14]. In recent years, the Hochschild cohomology and Hochschild cohomology
rings have been studied extensively [5,6,13,23,30-32], and have played an important role in many
branches of mathematics and physics. For example, the Hochschild cohomology is a subtle invariance
(such as Morita equivalent invariance, tilting equivalent invariance and derived equivalent invariance) of
associative algebras [13,24]; Hochschild cohomology is closely related to simple connectedness, separability
and deformation theory [1,17,27]. It is well known that HH*(A) = @52 ,HH(A) is endowed with the so-
called Gerstenhaber algebra structure under the cup product and Gerstenhaber Lie bracket [18]. However,
for most finite dimensional algebras, little is known about the Hochschild cohomology groups and even
less is known about the Hochschild cohomology rings. As Green and Solberg pointed out in [22], “the
ring structure of HH*(A) has often been observed to be trivial”, such as algebras of radical square zero
whose ordinary quivers are not oriented cycles [11], quadratic triangular string algebras [7], Fibonacci
algebras [12] and so on. Although “one knows that for many self-injective rings there are non-zero
products in HH*(A)”, there are rather few known examples of algebras having finite global dimensions
such that the ring structures of HH*(A) are non-trivial. And based on this, Bustamante gave the following
conjecture in [7]: Let A = kQ/I be a monomial triangular algebra. Then the ring structure of HH*(A)
is trivial. Note also that Green et al. introduced a method of constructing non-selfinjective algebras
(possibly, of infinite global dimension) with non-trivial ring structure on the Hochschild cohomology ring
by means of one-point extensions [21].

In this paper, we will provide a class of algebras of finite global dimension whose Hochschild cohomology
rings have non-trivial cup products by studying the Hochschild cohomology of the Beilinson algebra A,,.
We first construct a minimal projective bimodule resolution of the Beilinson algebra A,, in Section 2,
and then calculate k-dimensions of all the Hochschild cohomology spaces of A,, in terms of combinatorics
in Section 3. Furthermore, in the final section, we find k-base of Hochschild cohomology spaces of A,,,
and give an explicit description of the cup product in terms of parallel paths by showing that the cup
product is essentially juxtaposition of parallel paths up to sign. Based on this description, we obtain
a presentation of Hochschild cohomology ring of the Beilinson algebra A,,. This shows that Hochschild
cohomology rings of Beilinson algebras have non-trivial cup products (note that the global dimension of
A, is finite).

Throughout the paper, we always fix a field k, and write the composition of arrows from left to right,
but for the composition of maps, from right to left.

2  Minimal projective bimodule resolutions

Let A be a finite-dimensional k-algebra (associative with identity). Denote by A€ the enveloping algebra
of A, i.e., the tensor product A®j A°P of the algebra A and its opposite A°P. Then by Cartan-Eilenberg [9]
the m-th Hochschild cohomology of A is identified with k-space

HH™(A) = Ext? (A, A).

So the first step for computing the Hochschild cohomology of A is to seek a minimal projective resolution
of A over its enveloping algebra A€.

It follows from the proof of the main theorem in [16] (see also [4]) that the Beilinson algebra A, is
isomorphic to the quotient algebra kQ/I, where @ is the following finite quiver with n + 1 vertices and
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n(n + 1) arrows (n > 1):

oo Z10 Tn—1,0
Q=0 1 : 2 n—1 n
Ton Tin Tn—1,n

and I is the admissible ideal of kQ generated by R = {&yzi11,; — T4j@e1,: |t =0,1,...,n—2;i,j =
0,1,...,n}. Throughout the paper we always fix the positive integer n and denote by A the Beilinson
algebra A,,. Let eg,eq,...,e, be the complete set of primitive orthogonal idempotents in A which are
viewed as paths of length 0. Order the paths in @ by left length lexicographic order by choosing ey < e <
- <epand xy; < if i < k,ori =k but j <l. Clearly, R is a reduced Grobner basis of I consisting
of quadratic elements and hence A is a Koszul algebra [20]. Furthermore, if we identify the paths in Q
with their images in A, then by [3] A has a multiplicative basis B consisting of paths. Denote by B, the
subset of B consisting of all paths of length m and for 5 =0,1,...,n —m,

i fpm.d _ . R .
Bl = b i, = Ty Tjtliy  Tjrm—1iy, |1 =01 =02 2 =iy > 0}

is the subset of B,, consisting of all paths of origin j. It is not difficult to check that |B7 |, the cardinary of
BJ ., is the number of non-negative integral solutions of the linear Diophantine equation zg+x1+- - -+, =
m, so |Bl,| = ("t™). Set By = Uj—" B}, Then |By| = (n+1—m)("1™).

n
Next we will construct a minimal projective bimodule resolution of A over A®. For each m > 0,

we firstly construct elements {fm’J |n =i >4 > >y = 0,5 =0,1,...,n—m}. Let

—0.j
f

-]

fivig-..i,, inductively by setting

7;17;2"'7;771

—1
=ej, j:O,l,...,n,andfiijZxﬁ1 ,7=0,1,...,n—1.Form > 2 and 0 < j < n—m, one defines

m
t—'m—l,j . .
E (-1) fil---it_liH_l---imxj“’m*lyit7 if m is even,
iy _ t=1
Jivigei = m y (*)
t+1 =4, . .
E (_1) fil---it_lit+1---im,xj‘f’m*l,it7 if m is Odd7

~
Il
-

—n+1,j oy}

where 7_17j =0=fiiip, J=0,1,...,n —m. Denote by Fm) = {f
Ty = 07] = 0,1,...,n—m}. Clearly, |F(m)| = (n—|— 1 —m)(n;rtl)

|n>idip >ipg> >

192" im

Lemma 2.1. Foralll<m<n, j=0,1,...,n—m, we have
j - 1,j+1
—<m,J o t+1,.  Fm—Li+
Fiviaine = O (D™ g, T i i
t=1

Proof.  We prove this by induction on m. It is clear that the lemma holds for m = 1,2. We assume
that the lemma is true for m — 1. If m is even,

m
Fmd — E : tFm—LJ
fi1i2~~~im B (_1) fil"'it—1it+1---imxj—i-Tn—l,it

t=1
m t—1 90 i1
— t k1, Fm—20+
= E (=1 [E (—1) x]lkfi1~~~ik_1ik+1---it,lit+1~~~im
t=1 k=1
- 2,5+1
Z k. Fmo20+
+ (_1) LS i1 ie—19e41ih—1ing1eim | Titm—Lie
k=t+1

m m X
S S0 g
- Itk iyt 1041 Ut — 1Tt 41 m
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k—1
E ttk,, FmT2J+1 ) )
+ (_1) lekfil"'“—l%#»l"'ik—lik-#l"'im Tjtm—1,i4
t=1
_ } : k+1,.. } : tFm—2J+ ) )
- (_1) Ljiy, |: (_1) fi1---ik_lik+1"'it71it+1"'imxﬂ"'m_lvlt
k=1 t=k+1
k—1 0 i1
t+1 M 2,0+ ] ]
+ E (-1) fil~~~it_1it+1~~~¢k,lik+1---imxﬁm—l,u
t=1
- 1,j4+1
o k+1,,  Fm—lat+
- § :(_1) x]“cfil"'ik—lik+1"'i7n
k=1
as desired. If m is odd, the argument is similar. The proof is completed. O

Recall that a non-zero element x in kQ is called uniform if there exist vertices u and v in @ such that
x = uzv. Note that for any f € F("™) it is clear that f is uniform. We usually denote by o(f) and t(f)
the common origin and terminus of all the paths occurring in f.

Denote @ := ®@y. Let Py = [I7¢ pom) Ao(f) @ t(f)A,m > 0, and define &, : P, — Pp_1 by

—m,J

Smlo(Frid o Yo t(Fril i)

m
—m—1,j+1 —m—1,j
= Z[(_l)t+1xjit QUi iy_yipgrim) T (—1)t0(fi1..~it,lit+1---im) ® Tjtm—1,,)-
t=1

Theorem 2.2.  Let A be the Beilinson algebra of exterior algebra. Then the complex (P, de):

On Om Om, 3 5 &
0— P, -5 Py =5 P, 2. 2P 25 P25 A0

s a minimal projective bimodule resolution of A, where dg is the multiplication map.

Proof. Let X ={ay; |t=0,1,...,n—1,4=0,1,...,n} be the set of arrows in @, and R be the set of
generators of I as above. Since A is a Koszul algebra, by [8, Sect. 9], it suffices to show that F(™) is a
k-basis of the k-vector space K, := () XPRXY for m > 2.

We first show that all the f. -

1122 tm
assertion holds for m — 1 and we prove it for m. By induction hypothesis and the formula (x), TZLZ---M €
RX™ 20 K,,_1X. And induction hypothesis and Lemma 2.1 show that 7:'111;17” EX™2RNXK, 1.
The assertion follows from the fact that K, = RX™ 2N X" 2RN XK1 N K1 X.

Next, F(™ is k-linearly independent since they have distinct supports. Also, the quadratic duality
A" = kQ/I* of A is isomorphic to the Yoneda algebra E(A) of A, where I'* is the ideal of kQ generated
by Rt = {z4i@i41,j + 22414 |t =0,1,...,n =154, =0,1,...,n, i # j}. So the Betti number of the
minimal projective bimodule resolution of A over A® is dimy, K,, = (n+ 1 —m)(""). Hence F"™ is a
k-basis of K,,.

Finally, by [8, Sect. 9] and [19], if m is even,

—m—1,j+1 m —m—1,j
(1), @ t(fireiyripaein) T (=1) (_l)to(fil---i,,_li,,H---im) ® Tjpm—1,i]

p+g=m—2
belong to K, inductively. It is trivial for m = 2. Assume that the

M-

o~
I
-

=141 —
(1), @ R (_1)t0(fil~~~z',,_1z',,+1---im) ® Tjtm—1,i];

M-

~
Il
-

and if m is odd,

S (o o Y@t (il )
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—m—1,j+1 m —m—1,j
(1), @ iy in vipaeinm) T (—1) (_1)t+10(fil---i,,_1i,,+1---im) ® Tjtm—1,,]

M-

~
Il
-

—m—1,j41 —m—1,j
(1), @ E(f iy is yipaeim) T (_1)t0(fil~~~z',,_1z',,+1---im) ® Tjtm—1,i,]-

I
NE

~
Il
-

So the maps d, are obtained. O

Since A/r = k"1 is separable, the theorem above immediately implies the following corollary:

Corollary 2.3.  Let A be the Beilinson algebra of exterior algebra. Then gl.dimA = n.

3  Hochschild cohomology groups

In this section we calculate k-dimensions of Hochschild cohomology groups of A. Let X and Y be sets
of some uniform elements in kQ. Then one defines a set of parallel paths X//Y = {(p,q) | o(p) =
o(q) and t(p) = t(q)} and that k(X//Y) is a k-vector space having the set X//Y as a basis.

For the sake of convenience, we consider another resolution (Q,, 06 ) which is isomorphic to the minimal
resolution (P, de ).

Let T0md) = {f"7 = @ji @jy1y - Tjpm—tyi,, | N = 61 > G > o+ > iy > 0}, and M) =
Uiy T2, Then T' = U,,5, T is a k-basis of A', the quadratic duality of A. Tt is clear that
0| = (n+1—m)("""), and

t—1 —1,7+1 _ Jo —t -1
(-1) xjitfgb---itilit+1mim = ilm--J-im =(=nm ilm---itzlitﬂ---i,,,$j+m—1,if,~
Denote @ = [[;cpem Ao(f) @ t(f)A, and define o : Qo — A, to be the multiplication map and
Om : Qm — Qm—1 for m >0 as

Um(O(fff{g...im) ® t(fff{glm))

(=) g, @t i) + (CD)™ (1) o(f0) i) © Tjtm—1i,]

10— 1041 m, At 1041

M-

o~
I
-

(=1 Yy, @t(f 000 )+ (=D e(fr i) ® Tirm—1,i,]-

10— 1041 m, U1 lg— 1041 m

M-

~
Il
-

It is easy to check that (Qs,0,) is isomorphic to the resolution (IP,,ds), and thus we obtain another
minimal projective resolution (Q.,0s) of A over A€.

Applying the functor Hompe(—, A) to the minimal projective bimodule resolution (Q,,0,), we have
Hompe((Qe,06),A) = (QF, 0%), where QF, = Hompe(Qrm, A) and o7, (n) = no,, for any n € QF,_;.

We first fix some notations. Given a decreasing sequence i1ig - -+ i,,, we define a position function of
i} relative to the sequence i11s - - - i;, by

(i) = fiyiy-vin, (k) = k-

And we denote
Qiliz“'im = {07 17 .. .,’I’L} \ {ilvi% e 7Zm}

For any s €Qi,iy.i,, , if 1 > 5> ig41, we denote by i142 - - - i, § the decreasing sequence iy - - - 15 Sig41 -+ - im.-
Clearly, fi,iy..i,,5(8) = k+ 1.

*
L]

We now can describe the complex (Q}, %) in terms of parallel paths.
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Lemma 3.1.  The comple:v (Qz,07%) is isomorphic to complex (M®,7*), where M™ := k(B,,//T™)

and for any j =0,1,...,n (b fm2 i) € B,.//T) 1% is given by
m+1(b f1112 lm) = Z [(_1),1(8)71(175'71 Sb f“mgl,zmi) + (_1)u(8) (bxj+m,svfu;1’fme)]~
seQ)

i1i-im

Proof.  Clearly, @}, = Home(QmyA) = Homne (ITyerim A(0(f) @k £ A) = TLjerom (olf) &4
t(F)IA) = [ erom (o(f)AL(f)) = k(B,,//T™). The k-vector spaces isomorphism ¢ from k(B,,//T'™))
to @y, is given by @(b, f) = 1@, 5), where

b, ifg=/1,
0, otherwise,

1,5 (0(g9) @ (9)) = {

for any (b, f) € B,,//T™).
It suffices to check that o7, ;¢ = ¢7™F!. For any (b, fm2 in) ER(Bm//T™) and 3 ¢ pomsn apo(f)®
t(f)By € Qm41, where ay, 85 € A, we have

(%1106, £ zm»( > afO(f)®t(f)6f)

ferim+1)

199 im

=N, )Um+1< > 04f0(f)®t(f)6f)

feED(m+1)

_ ) m+1,5 m+1,5 )
B m+1 ./Z aflrflz%j?z/m+1[n( f:;zé i Um+1( (fl1l2 mJr1)®t(flll2 m+1))]6fl73l4;.‘vj;m+1

flll2.,'?lm+ler(m+l)

k)—1

= Z O[ferlJ lkn(b f:;lé B )((_1)#() 1k®t(f7,112 zm))ﬁf”“rlﬂ lk

kEQi1i2,_,im Q1491 m 199 im

K \J
tON e g (D) 8 ) By
O, irigimk/ 1i2° irigimk/

@192 im

= Z Qpmtti—1 (—1)“(k)_1 1 kbﬁfm-H j—1

keQ; s X i1igeimbk ipigimk
1142 im
+ Z Qpmtl, ( )#( )bxj—i-m kﬁferla s
E€Qijig i i im k! irigimk/
and
(671 (b, S lm»( 5 afo<f>®t<f>ﬁf)
ferim+1)
D D (C VA CTRX fz’;”;.l.rz';;w<—1>“<5><bxj+m,g,f;:lglvzmsn]
S€Qi iy
( > afO(f)®t(f)Bf)
ferim+1)
= 5 et (X o)

SGQili2~~im fel"('"H'l)

*‘(—1)”“)”wxjmmufmf¥zm§>< > afo(f)69t(f)ﬁf>}

v12°
fel“(7n+1)

= (—1)H(S) 177 b m+1,j—1 E O pm+1,5—1 O(fmd‘»l’ji}) ® t(ferLJ 1)/8 m+1,j—1
E : (xj—1,s f1112 1mg) frilizmimfc i1inimk 1192 tm k fl”2 Cim
SEQitig-im KEQijig - im
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G192 im k' 11021

F g, (5 g o et s )

f1igerim$ K eQi i ; 'i17;2"'75m’€/ 'i17;2""im7€/
irig-rim
= E Oéfm+1.j71 (—1)H(k)_1Ij_17kb/8f'm+1.j71
keQr ipigeimk ipigeimk
irig--im
k
+ E afm+1,_7 ) (—1)“( )bxj+m’kﬁfm+l,_7‘ )
e 1o irig--imk’ irig-imk’
12 tm
Thus 07, 1¢ = ¢7™ ! as desired. O

To calculate the dimensions of Hochschild cohomology groups of A, note that HH™(A) =

Kerr™*! /Im7™ by definition, we have
dimy, HH™(A) = dimy, Ker7™ ™! — dimy, Im7™ = dimj, M™ — dimy, Im7™ ! — dimy, Im7™.

Since M™ = k(B,,//T™), dimy M™ = (n + 1 —m)("™)("*"). Hence it suffices to determine
dimy Im7™*! and dimg Im7™.

We say the sequences ry -1y, < S1---Sp, if there is some 1 < ¢t < m such that r;, = s; for 1 <
i < tand r;, < s, where r;,8; € {0,1,...,n}. Then we define an order on B, by setting by, <
bsy 22 6., if J1 < ja, or j1 = jo but rire -+ 7y < $182+ - Sy Similarly, we can define an order on rom)
by setting f;770, < f,?f;g;_.km, if j1 < ja, or j1 = jo but 414y -4, < kiko---k,,. The orders defined
as above induce an order on B,,//I'(™ as follows:

(b1, f1) < (b2, f2), if fi < fa, or fi = fo but by < bo.

We still denote by 7™*! the matrix of the differential 7 *! under the ordered bases above. Based on
the description of 77! in Lemma 3.1, a rather lengthly analysis shows that 7% has the following form:

A
-A A
-A A

m—+1

—-A A

(n+1—m)x(n—m)

where A is an ("i’lm) (":;1) X ("M;:H) (fnill) matrix. And the rows and columns of A are just corresponding

to the basis elements in BY,//I'(™ and BY, ,,//T(Mm+1.0) respectively. So, for the sake of convenience,
we can use the basis elements in BY,//T(™% and BY, , ,//T(m+10) as the index sets of rows and columns
of A respectively, and write the row index (r172 -7, j1j2 -+ jm) instead of (b?}’g...rm, ;?]’.g___jm), and
similarly for column indices. The matrix A is described as follows: given the (rira -7, j1j2 - Jjm)-th
row of A, the (r1 7,8, j1 - jm8)-th component of the row is (—1)Hss2-3ms() for s € Q; 4, ;. and
other components are 0. Obviously, rank7™*! = (n — m)rankA. The following lemma gives the rank
of A.

Lemma 3.2. .
n—i+m\/(n—1
kA = :
rat ;( n—1 )(m—z’)
Proof. Foranyi=0,1,...,m, we denote T)™ = {(r1---rpm,n(n—1)--(n—i+1Dh1- hp_y) [ n—1=>
rZre =2, 20n—i—12h >hy > > Ry > 0p and T = ;2 T/". And for any

i=0,1,....om—1, 8" ={(n—i)rra-rp_1,n(n —1)---(n—i)hiha - hp_i1) [n—i =71 =212 >
> 20m—i—1>hy >hy > >hy g >0} and 8™ = "' Si*. Here, once and for all,
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we always view n(n—1)---(n—i+1)h1---hpm—; as hy -+ - hy, when i =0, and asn(n—1)--- (n—m+1)
when i = m. It is easy to see that TN S™ = () and T™ U S™ is the set of indices of all row vectors of A.

We first claim that the row vectors of A with indices in T™ are linearly independent since the last
non-zero components of them are pairwise distinct. To see this, it is enough to note that the last non-
zero component of the (r1 -7y, n(n—1)---(n— i+ 1)hy -+ hyp—;)-th row of A is the ((n — )y -+ 74,
nn—1)---(n—14)hy -+ hy_;)-th component.

Next, we assert that any row vector of A with index in S™ can be written as a linear combination
of some row vectors with indices in 7. More precisely, for any row vector S with row index ((n —
Orire - rm—1,n(n —1)---(n —i)hrhe - hpm_i—1) € S™, we will prove that

B = Z (=1)fmrmmimad G gy (3.1)

S€Qn(n—1)--(n=ihyho-hpyy ;1

where Bp,...n,, . ,s denotes the row vector of A with the row index (ry---rp—18,n(n—1)---(n —i+
1)h1 s hm,iflg) e,

Firstly, we consider the non-zero components of the vector 5. We simply denote ((s) = ptny b _;_15(S)
for any s € Qun—1)-.(n—i)hihs--hm_;_.- Lhen, by definition of 7+ the ((n— i) rm_18,n(n —
1)---(n —i)hy - hm_;i_15)-th component of 8 is (—1)"+H1H#() for s € Qo (n—1)--(n—i)h1ha--h and
other components are 0.

m—i—17

Secondly, consider the non-zero components of S, ...p, for any given s €y, (n—1)...(n—i)hy1 ho--h
By the description of the matrix A in the paragraph before the lemma, there are two classes of non-
zero components: the first class is only the ((n — @)ry -+ rpm_18,n(n —1)---(n —i)hy -+ hyp—i—18)-th
component of By,...n,. . ,s which is (—=1)"1 and the other class is those components corresponding to
(’/‘1 .- "/‘m_léil, TL(TL - 1) s (TL -1+ 1)h1 s hm_i_1§il) for h € Qn(n71)~~~(n7i)h1~~h In the latter
case, the (ry--rpm_18h, n(n —1)---(n — i+ 1)hy---hp_;_18h)-th component is (—1)7#(") whenever
h > s, and (—1)"#M+1 whenever h < s.

Finally, we will show that the formula (3.1) is true by componentwise. We will prove this by dividing
components of § into three classes.

We first consider the ((n — i)ry---7m-18, n(n — 1)---(n — i)hy - hyp—i—18)-th component of the
formula (3.1) with s € Qp(n—1).-(n—i)hiho--h Clearly, the component of 3 is (—1)"t1+#() and for
h € Qp(n—1)--(n—i)hihowhm s> the ((n—2)ry -1 18, n(n—1) - (n—i)hy - hpm—;—18)-th component
of By, i is (=1)"1if h = s, and 0 otherwise. Note that (—1)H) . (=1)FL = (—1)7+1+00) | the
formula (3.1) is true for the ((n—é)ry -+ - rp—18,n(n—1) - (n—9)hy - - - hyp—i—15)-th non-zero component.

Given any u,v € Qp(n—1).--(n—i)hy--hpm_,_; With u # v, we next show that the formula (3.1) is also true
for the (ry - -rp_1ad,n(n—1)---(n—i+ 1)hy -+ - hyp—;—100)-th component. Without loss of generality
we may assume u > v. By the description of the fourth paragraph of the proof, the component of 3 is
zero. On the other hand, among the vectors B, ...1,, ., ,s appearing in the right-hand side of the formula
(3.1) for 5 € Qp(n—1)...(n—i)h1ha--hm_._, » there are only two vectors, Bu,...h,, ;_,a and Bu,..n,,_,_,5, such
that the (ry -+ rp—100,n(n—1) - (n—i+1)hy - hy—;—140)-th components of them are non-zero, which
are (—1)"F1He) and (1)) | respectively. Since (—1)#(®) . (—1)i1Hr@) 4 (—1)r) . (1)) =,
we have the formula (3.1) holds as desired.

m—i—18 m—i—1"°

m—i—15"

m—i—1"

The rest components of § are zero by the description of the fourth paragraph of the proof; and
the corresponding components of 8y, ...»,, _, ,s appearing in the right-hand side of the formula (3.1) for
5 € Qp(n—1)--(n—i)h1ho--hm_;_, are also zero by the description of the fifth paragraph of the proof. Thus
we have finished the proof of the formula (3.1) componentwise.

Hence, rankA = [T™| = 27 ("7 (" 77). O

i=0 n—i m—1

Lemma 3.3. For any 0 <m <n—1, we have

rankr™ 1 = (n —m)<”> ("+m+ 1).

m m
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Proof.  Since

3

3

(
ol (e N (A 8
L |

I
/\/\/‘g/-\/—\
I+ 3+ 3+ 3+ 3F
\/\/\E\/\_/

+

i 3

sU

m m—2
n+m n—+m n+m-—1 n+m-—1
N +<m—1)+;<m—i—1>_;<m—z—l>
n+m <n+m) n+m+1)
= =+ = R
m—1 m

we have

rank7™ ™! = (n — m)rankA = (n — m) Z (
i=0

“aemE () e m () ()
()5 D

Now we can calculate the dimensions of all the Hochschild cohomology spaces of the Beilinson algebra
A of exterior algebra.

Theorem 3.4.  Let A be the Beilinson algebra of exterior algebra. Then for any m > 0, we have

dimy HI™(A) = (”) (”+ Hm),

m m
where () =0 if m > n.
Proof. Tt is clear that dim; HH™(A) = 0 if m > n. By Lemma 3.3 we have

ke ke = () (") s omen (L) ()

m m m- 1/ Am =1
Z(”—m)(n+1_(72nl(71l)jl+m) (n;l) (n—;m>

comengm () ()

(i) (0000

dimy, HH™(A) = dimy M™ — (dimy, Im7™+! + dimy, Im7™)

= dimy, M™ — (rank7™"! 4 rankr™)

) o)

= [n—l—l—m— (n—m—f—i
n

D)) :

SO
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4  Hochschild cohomology rings

This section is devoted to the description of Hochschild cohomology rings of the Beilinson algebras A. As
a consequence, we provide a class of algebras of finite global dimensions whose multiplicative structures
of Hochschild cohomology rings are non-trivial.

Let T = ;,_,T™, where the index set 7™ is defined in the proof of Lemma 3.2. We first construct
a k-basis of the Hochschild cohomology space HH™ (A) for any 0 < m < n. Given a non-negative integer
0<i<m,and (rro- rm,nmn—1)-(n—i+1)hy- - hy_i) €T, we denote

£ = gzrlrg---rm,n(n—1)---(n—i+1)h1---hm_i) = Z (bﬁjrmv n(;f—l)~~~(n—i+1)h1~~~hm_,;)'
j=0

Set (1) = {527‘17’2“"r‘m,,’n(n—1)"'(n—i+1)h1"'hm,—i) | (rir2 - r,n(n = 1)~ (n =i+ hy - hypy) € T}
and H™ = |J2, H™%). Then we have the following lemma:

Lemma 4.1. H™ forms a k-basis of the k-vector space HH™(A).

Proof.  We first consider the k-basis of Kerr™*!. It is straightforward to check that 7™+1(¢) = 0 for
EeH™. For j =0,1,...,n —m, we denote

C C((n i) riTm—1,n(n—1)-(n—i)hi--hm—i—1)

\J
(b(n 0) T1 T 1’fn(n 1)~~~(n—i)h1~~~hm_,;_1)
Z s)+1 m,j »J
+ brl T — 157fn(n—1)---(n—i+1)h1h2---hm,_i_1§)7

where 5 € Q1) (n—i)hyo b ;1 A0 ((S) = fhyhy i 15(5). Set

(m.g) — (pJ
K = {C iy vy 1 in(n—1)-(n—iyh o hom 1) |
(m=d)r1 - rm_r,n(n—=1)--(n—=10)hy- - hpm_i_1) € ST},

and K™ = |J7_" K(m9).
Formula (3.1) implies that 7" *1(a) = 0 for a € K™, so H™ U K™ C Kerr™*1. Tt is not difficult to
check that H™ U K™ is a linearly independent set, and

=S ()G =G )
= S (7 ()
D ()
:(n+1—m)<m711) (:f_?)

m—+1

=Mn+1l-m

Mi

Also,

dimg Ker7™ ! = dimy M™ — dimy, Im7

S (MY () () ()
S () O GO = G
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() (D)

= [H"]+ [K™].

Hence, H™ U K™ forms a k-basis of Kerr™*1.
We next claim that K™ forms a k-basis of Im7"". Indeed,

m z+1 m— 1 ,t m—1,t
T ( Z b T'm n(nl)(nz«kl)hlhmll))

o z+1§ § : ;1,(5 45— 1(bm,t—1 m,t—1 )
- T1Tm—18" n(n—l)m(n—i—i-l)hl---hm_i_1§

t=0 s€Q
s)+i pm,t
+( )H() (brl T — 1s7f (n—itl) hyechn i 15)]
J
B $)+1 m,t—1 m,t—1
2 H() ( g [_(brl---Tm—lé’ n(n—1)(n—i+1)hy-hp—i— 19)

seEN t=0

m,t m,t
(b Tm—187In(n—1)-(n—i+1) hl---hm_,;_1§)]>

_ s)+1/1m, m,j
_Z( )H() (brljrm 187 n(J 1)---(n—i+1)hy-hpm i 18)

seQ)
_ _1\u(s)+1m,g m,j
= E ( 1) (brl T—18? n(n71)~~~(n*i+1)h1"'hm—i—1§)
SeQn(nfl) (n—i)hihg - hy, i 1
(bm’j m,j )
(n—i)r1rm-1’?nn—1)(n—i)hy1-hpm—i—1
— I (m,J)
= Clnmi) r1eerm 1 an(n=1)ees(n—i)hs b s1) © B

where Q = Q1) (n—it Vb1 ha- o iy @A (1(8) = finy oy, ;1 5(8). So spanK™ CIm7™, but dimy Im7"™
=(n-m+1)(,",) (") = |K™|, thus K™ forms a k-basis of Im7™
Since HH™(A) = Kerr™ ! /ITm7™, H™ forms a k-basis of HH™ (A). O
In the following we will describe the multiplicative structure of Hochschild cohomology ring of A in
terms of parallel paths. In [26] it was shown that any projective A®-resolution X of A gives rise to a
“cup product”, which coincides with the ordinary cup product. Let X be a projective A¢-resolution of A.
There exists a chain map A : X — X ®, X lifting the identity, which is unique up to homotopy. Siegel
and Witherspoon defined in [26] a cup product of two elements n in HH™(A) and 6 in HH*(A) as above
using the composition
X2 Xoa X" A0 A 5 A,

and note that it is independent of the projective resolution X of A and the chain map A. Based on this
context Buchweitz et al. gave in [5] a description of multiplicative structure of Hochschild cohomology
ring of a Koszul algebra. Now we give an explicit formula of A for the minimal projective A¢-resolution
(Qs, 06) of the Beilinson algebra A constructed in Section 3.

Recall that (Q ®A Q, D) is still a projective A-resolution of A which is given by

QerQ@m= ][] Qi®r0Q;

i+j=m

and Dy, : (Q QA Q) — (Q ®A Q)m—1 is given by

m—1

= Z (1) @om_i+0oi1 ®1).
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Now we will define a chain map A : (Q,06) — (Q®4 Q, D). Note that Qun, = [[;epm Ao(f) @ L(f)A =
11 serm A® f®A as A-bimodules. For simplicity, we will adopt the notation @, = 11 ferm A® f®A for
the rest of this section.

Definition 4.2.  The map A : (Qs,0e) — (Q ®4 Q, D) is defined by

Ap(1® flﬂl”lm ®1) = Z Z (_1)e(p1pz---pm)(1 ® ff,,flp 21 @ (1® fm sits o 1),

tpeqr” “lpo,
s=01<p1 < <ps<m

where €(p1ps - - - pm) denotes the sign of the permutation k = (pll 1922 Do ), ie.,

1, if K is even;

6 P m p—
(P1p2- - Pm) {_17 if k is odd.

Lemma 4.3.  The map A : (Qo,0.) — (Q @4 Q, D) defined as above is a chain map which lifts the
identity.

Proof. 1t is sufficient to show that the following diagram
Qm — Qm-1
Aml lA,H (4.1)
(Q®rQm —"= (Q®A Q)m
is commutative for all m > 1. By the linearity of A and o, it is enough to prove for any 1® f i ®1 € Qm,
DD (1® f0, @ 1) = App10m(1® fI, @ 1).
Since

m—1
(Q @A Q)m—l = H Qr @A Qm—l—m
r=0

we will prove that the r-th component of D,, A, (1 ®f£1fjl ®1) is equal to that of Ay, 10, (1@ f" ’Jim ®1)
for each 0 < r < m — 1. By definition,
Jm(l ® flT’jlm ® 1) = Z[(_l - xﬂt ® fm Jt’jj;];+l"'im ®1+ ( ) I® fZl 73‘-1’]17«1-%—1 2 ® ijrm*l:it]?
t=1
we obtain the r-th component of A,,_10,,(1 ® flnfjlm ® 1) is the sum of
Z Z 6(p1p2 P 1)( 1)t~ l(a: W ® f 7J+1l 1)@, (1 ®fT +11 Z,Z%—rj-l ®1) (4.2)
t=1 p1--pr "
and
Y Yy e £, eDea (e FIT e, 4
t=1pi-pr

where p; - - - p, runs over all the strict increasing sequences py - - - p, with p; € {1,2,...,m}\{t}. Note that
the sequence p1ps - - - ppy—1 is not necessary to be strict increasing though both py - - - p, and pr41 -+ Pm—1
are.

On the other hand, by the definition of A, we have

A, 8)=Y ¥ e g1, enesne i, o

Psy1” P
s=01<p1 < <ps<m.
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Then the r-component of D,, A, (1 ® ffl”

i, @ 1) is the sum of the following four terms:

r+1

Z Z E(Q1Q2 Qm)(_ )t l(xj igs %) fl i+l ; ® 1)

“lgy_q gy langn
1<q1 < <gry1<m t=1

or (10 fir T e 1), (4.4)

Yqrq2 tam
r+1

> do(Fpdeer e () A 77 @ T,

1< < <grp1<m t=1

@p (1@ fr it g ), (4.5)

Yaqpyo” g

> Syt iae 9, e )

1< < <gr<m t=1
1—r, 1
QA (xj+T7iQT+t ® fim et ] ® 1)7 (46)

a1 lar g1 Cargipn lam

Z Z QIQ2 Qm)( )t(l ® fl’f‘t;lqur ® 1)

1< < <gr<m t=1
( ®fm 1—r,j+r ®xj+m—1viqr+t)' (4.7)

lgpprTappt1 bary g1 lam
To prove that the diagram (4.1) is commutative, it suffices to prove (4.2) + (4.3) = (4.4) + (4.5) +
(4.6) + (4.7). In fact, we will show that (4.2) = (4.4), (4.3) = (4.7) and (4.5) + (4.6) = 0.
In order to prove (4.2) = (4.4), we first show that each summand of (4.2) is a summand of (4.4). Taken
a summand (—1)®P2Pn-0) (<), @ 7] @ 1)@y Qe £ @ 1) in Formula (4.2),
we assume s = fi;, .i, (i¢) and write the sequence q1¢2 - - - ¢, instead of py -+ ps_1tps -+ - pm—1. Thus we
have

(O g, © S, @ea (e T e

g1 tom
(P U g, 1T © D es (L8 [T )

_ (_1)6(p1"'ps—1tps+1"'p'm—l)(_ )s l(x i ®f1 rj+1 ® 1) A (1 ® fm 1 rJ+r+1 ® 1)

ll” T’ 41" ll”'m 1
€ o Qm §— s 1 m—1—r, r+1
= (—1)(@mazam) (1) Yz, ®f¢ J+z i yin, © 1) ®a (1®fq o an+ 1 g1),

which is a summand of the formula (4.4). Conversely, given a summand (—1)¢(9192"m) (1) N, ®

r,j+1 m—1—r,j+r+1 o .
fiqlnhiqt—liqt«#l.“1;‘17~+1 ®1) @ (1 ® fi i 1q ® 1) of the formula (4.4), we assume s = ¢; and write the
SeqUENCE P1 -+ - Pm—1 aS q1 - Q—1Gt+1 - . Then we have

(_1)5(111(12“'1177»)(_1)15 1(leq, ®f1 rj+1 ] , ® 1) R (1 ® fm 1—rj+r+1 ® 1)

“lq_y gy lapg gy po tam

(o) 1y @ 72 @ e (16 £ )

Yprg1 P o1

= () ) ) (1) @ [ @l es (e I e )

“lpy. rg1 P 1

(_1)571( 1) e(p1-Pm— 1)($ i ®f ,J+1 ® 1) A (1 ®fm 1—rj+r+1 ® 1)

ll” ll”'m 1

which is a summand of the formula (4.2). Thus (4.2) = (4.4).

A similar argument yields (4.3) = (4.7). It remains to be show that (4.5) + (4.6) = 0. We do this by
showing that any summand in Formula (4.5) appears in Formula (4.6) with the opposite sign and the
converse holds as well.

Taken a summand (—1)€(@19am)(—1)t(1 @

gy lgp 1 bappg g g
in Formula (4.5), we assume p,1s = q; and write p1 -+ Drys—1 Pristl * Pm aS q1 - - Q— 1qt+1 - @m, then

®xj+r7iqt) ®A (1 ® fm 1— T‘7J+’r‘+1 ® 1)

g,
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we have

(_1)e(q1Q2“-qm)(_ ) (1 R f rJ

dqyrlqy_1tay i1 lap g
= (1) P () (1 £

iy, © Tjtri, ) @A (1@ f;
O [ )0 (e, @ [ 0 )

Pri1 ipm

® Tjiri,) @ (1@ f 10 g )

gy lam
m—1— rj+r+1

i

®1)

which is in (4.6) with the opposite sign. Conversely, given a summand (—1)¢(@192-am)(—1)r+=1(1 @
J Slerjtrtl . — ;

fqulqr ®1)®A (xjﬂ»iqrﬂ@fiqnlﬂ ,,ZqJH:ill’thH vigy ®1) in the formula (4.6), we assume s = ju;, ...i, (iq,,,)

and we set ps = ¢4+ and write the sequence p1 -+ ps—1psy1- Pm a8 1 Grit—1Gr+t+1 " Gm, thus we

have
_1\e(q1q2qm) (__1)r+t—1 ,J o m—1-rj+r+l
( 1) e ( 1) (1 ®fi gy ® 1) @A (xj'w’l‘?wrt ® 'flqr+1 g1 tapppgrlam ® 1)
= —(=1)%(=1)° e(p1--pm) (1o f r.j

1 s 1P y1 et Ippyo " ipm

_ _(_1)5(_1)6(171"'10711,)(1 ® fl;J ® ijrT,ipS) ®A (1 ® fm 1— T,JJrTJrl ® 1)

17 s 151 g “pm

® 1) ®A (xj+r,ipb ® fm 1— ’f‘,]*‘r’r“i’l ® 1)

which is also a summand of Formula (4.5) with the opposite sign.
The proof is finished. O

The following theorem shows that the cup product in Hochschild cohomology ring of the Beilinson
algebra A is essentially juxtaposition of parallel paths up to sign, which will provide an explicit description
of the multiplicative structure of Hochschild cohomology ring.

Theorem 4.4.  Let A be the Beilinson algebra of exterior algebra. Suppose that

E= Ol Sl ) €M™, 0=}, [ ) €M

Tm? 112 sl dalahdl

represent two cochains in QJ, and Q%. Then the cup product of & and 0 in Q)

m+s
1\ €e(irda iy ihe il (30 s,i+m  pm+Ss,i
( 1) 102" (bm Tmbrl PR ;),
§ul = if{il,ig,...,im}ﬁ{i’l,ZQ,...,zs} =0 and j =i+ m;
0,  otherwise.
Recall that iy - - imt} - -1, stands for the strict decreasing sequence consisting of i1,...,4m, 84, ..., 1%.

Proof.  For simplicity, we still denote by £ and 6 the elements ¢(£) and ¢(0) in QF, and Q% respectively,
where ¢ is the isomorphism defined in the proof of Lemma 3.1. Note that the cup product of £ and 0 is
the composition of the following maps

Q5020 AgaA -5 A,

then for any element 1 ® f; mts,k

JiJmas ®1 € Qm+s, we have

EUOAR I @) =vE®AL® [ ®1)

Im+s J1 " Im+s
m-+s
—veed)| S X (mreae it e e LI o
1=0 1<p1<--<pr<mt-s o
- Z (=1)<Prp2pmie) (1 ®f{:1,{c“ipm ® 1)6(1 ®fikiznlp L ® 1)

Py Pm€{1,...,m+s}
bs l+m

gl iy iy eiy) T
(_1)6( 102+ im by iy )b L O3

— oL A Y . - .
= lf{jl,...,jm+s}:{21,22,...,Zm,Zl,Z2,...,ZS} and k=1, j=1i+m;
0, otherwise.
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So, under the isomorphism ¢ defined as in the proof of Lemma 3.1,

(_1)e(z‘1i2~~~i,,,i’1i’2~~~i;)(bm )i b Hrm7 fers K

T Tm Sl eeep ) i1 1m11 1’

)
ful = if {i1,i2,. .. im} N{iY, 05, ...,it} =0 and j =i+ m,
0, otherwise,
as desired. O
Lemma 4.5.  The Hochschild cohomology ring HH*(A) is generated by HH°(A) and HH*(A).

Proof. By Lemma 4.1, H™ = [JI", H(™" forms a k-basis of HH™(A), and thus it suffices to show
that every element in #™ can be generated by elements in HH”(A) and HH'(A). Taken any element
&0 = Zn m(b?}’JTm,f;Z’fhm) in H™O) (heren =7 = -~ =1y, 20,n—1>hy > - > hy,, > 0), by
Theorem 4.4, we have

m

n—1 _ n—1
- (Sor ) (Sowan) o (Sew )
=0

Jj=0

1,521,541 1, 1 ¢l pl,5+1 1,j4+m—1
Z b ljbr2j+ b grm= 7fhljfhj "ch " )
J:

where 377 l(blk ,fh’J)( < k <m) lies in HHI(A).' '
If 1 < i < m, given an element & = Y77 " (b1, :L?;f—l)~~~(n—i+1)hl~~~hm_,;) in H™9 (here n —i >
rm=2-2rm=20n—i—1>2h; > > h, >0), we have

n—m
1,551,541 1,j4+m—1 r1,5 1,j+i—1 p1,5+1i 1,5+ 1
=) (bbb fh L pRI R T Tt
j=0

i+1 hm—i
n—1 n—1 n—1 n—1
- (T ) uen (o adi ) o (Tew. i) oo ( ek a2).
=0 3=0 7=0 g=0
Therefore, H(™? is generated by HH'(A). O
Recall from Lemma 4.1 that H=UL_oH™ = Un_o(UyH™D) forms a k-basis of the k-vector

space HH*(A), where H (™% = = {35 m(b?}’j - n(;f—l)~~~(n—i+1)h1~~~hm_,;) | (rirg - rm,n(n —1) -+ (n —
i+ 1)hy - hpymy) € T}, Tm:{(ﬁ rm,nn—1)---(n—i+1)h1-hpy) | n—i2r1 210 2+ >
T 2 0,n—i—1>hy >hy >+ > hpy >0} and T™ = ", T/ defined as in the proof of Lemma 3.2.

It follows from Lemma 4.5 that, as a k-algebra, HH"(A) is generated by H UH' = {377 ;(ej,¢;)} U
{Zj O(ZJT,JZJ}L) |0 <r <n0<h<n(rh) # (n,n)}. Note that E;;O(ej,ej) is the identity in
HH"(A) and it is easy to check that the others satisfy the following relations:

|
—
|
—

n n

(1) (@jres Tjpy ) U ) (@jras Tjny) = 0, if by = ho;
=0 =0
n—1 n—1
(2) (ijuxjhl) U Z(xﬁ’w‘xﬂu)
=0 =0
n—1 n—1
- (ijl ’ xjh2) U Z(xjm ’ xjh1)7 if (rlv h2) 7& (n7 TL), (7“2, hl) 7é (TL, n);
= =0 =0
0, otherwise;
n—1 n—1

3) D (@i Tin) U Y (s, Tiny)

J=0 J=0
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n—1 n—1
- Z xﬂ“mxjhl Z(xjﬁvxjha)) if (Tlth) 7& (nvn)7 (r27h1) 7é (n7n)7
B Jj= J=0

0, otherwise.

Replacing the above Z;;O(ej, e;) and Z;:Ol (zjr,zjp) in HOUH! with 1, u,p, respectively, and omitting
the symbol U for simplicity, we have the following relations:
(1) Upy pyUpphy, =0, if hy = ho;
2)
“UrihoUrshy if (7‘1,]12) 7é (n7n)7 (r27h1) 7& (nvn)y
U’T’lhluT’th - .
0, otherwise;

3)

o g — 4 e Urae if (r1,h2) # (n,n),  (r2,h) # (n,n);
e 0, otherwise.

Note that since 0 < h; < n, the product H?jol Up,p, in HH*(A) must be zero because of the relation (1)’
Clearly, for any monomial s, p, Usyp, ** - Us,p, Of degree I (I > 0), using the relations (1)'—(3)’ one can
reduce it to 0 or the form with the decreasing indices, namely, ts,p, Us,p, - - - Us;p, can be changed to the
form of

Up by Upghy = Upp, Withn 21y 2102 - 21 20n2hy >ho > > h 20,

which is called the normal form of us, p, Us,p, - - - Us,p,, and denoted by
N(USUH Usopy * uSz;Dz) = Uryhy Urghy ** * Urihy -

We add the relation
(4)" Usypy Usypy -+ Usyp, = 0 if the pair (rirg---77, hiha -+ k) of the subscripts of the normal form
N (Usypy Usypy * - - Us,p,) does not belong to T'.

We now can give a presentation of the Hochschild cohomology ring HH*(A). Let Q" be the quiver with
one vertex 1 and n? + 2n loops {u,n| 0 < r < n,0 < h < n,(r,h) # (n,n)}, and I’ be the ideal of KQ'
generated by the relations (1)'—(4)".

Theorem 4.6.  Let A be the Beilinson algebra of exterior algebra. Then the Hochschild cohomology
ring HH*(A) is isomorphic to kQ'/T'.

Proof.  Denote by @ and Q] the sets of vertex and arrows of the local quiver Q" defined as above,
respectively. Then the maps v : Qf — HH" (A) given by 1 Z;l olej,e;) and ¢y - Q) — HH"(A) given
by Uryn, — E; 0 (a:ﬂ,l,x]hl) Upyn > ZJ o (xjrl,xjn) can be uniquely extended to an epimorphism of
k-algebras ¢ : kQ" — HH*(A).

Let I be the ideal of k@’ generated by the relations (1)'—(3)’. It follows that I C Kery) from the
relations (1)—(3) directly, and thus v induces an epimorphism v : I', = kQ’/I — HH*(A). For legibility,
we do not distinguish a path in KQ' with its image in I';,. In particular, ', is a finite dimensional algebra,
and I',, = Pﬁﬂ) ® 1“%2) as vector spaces, where rﬁﬂ) = spanf{l, Up py Upghy * = Uphy | M =11 =10 = 00 =
r>=>0n>hy >hy > >h > 0,(r1r2---rl,h1h2---hl) € T} and 1“%2) = span{ty p, Uryhy =+ Uryhy |
n=r =re>-- 2 20mn>=hy >hy>-->h >0, (rira -, hihy---hy) ¢ T}. Let I be an ideal
of T',, generated by the set {wp hyUrghy =+ Upn, | M =11 210 221200 >2hy >hy > >h >
0,(r17 -7y, hihy - - - hy) ¢ T}. We claim that (1) = 0. Indeed, for any index (7175 - - - 7, n(n—1) - - - (n—
i+ Dhiohimei) € TP, we have (Upyn - Uriyihy U —s) = Elrreoor n(ne 1) (it Dhae b s) €
# (™% by the proof of Lemma 4.5. So, as linear maps, the restriction of 9 to Fg) is an isomorphism, and
zero to T2, Thus [ C Kert) as desired. So 1) induces an epimorphism 1; : T, /I — HH*(A).



XuY G et al. Sci China Math June 2012 Vol. 55 No.6 1169

It is clear that the set V = (U _ {trhyUrshs = Upp, | (172 T, hiho oo by € T™} U {1} is a

k-basis of T',,/I. So dimy, T',,/T = |T| = dimy HH*(A). Hence ¢ is an isomorphism.
Since I = I’ /I, we have kQ'/I' = (kQ'/I)/(I'/I) =T, /I = HH"(A) as desired. O

Example 4.7.  We consider the case n = 2. In this case, A,, = kQ2/I2, where Q2 is the quiver with 3
vertices and 6 arrows as follows:

oo T10

o1 Z11
0——1——
\/ \/

To2 T12

and Iy = (xo;z1; — ojz1; | 0 < 4,7 < 2). From Lemma 4.1, we know that H = H° U H! UH? forms a
k-basis of HH*(A2), where

W {i(ej,en};

j=0
1 1

H = {Z(J;jr,a:jh) [2>2r>20,12h> O} U{Z(er,xjg) [1>r> O};
j=0 j=0

H2 = {020, fio) 2211 =12 > 0L U{(0Z0,, fao) | 1 =71 =12 > 0} U{(bgy, fai)}-

T17T27 T1T27

Thus dimy HH*(A2) = 19. Using Theorem 4.6, we can give a presentation of HH*(As). Let kQY% be the
path algebra corresponding to the quiver with 1 vertex and 8 loops {u;; | 2 > 4,5 > 0, (i,)) # (2,2)},
and 'y be the quotient of kQ% by the ideal I generated by the set

{urlhlu’r‘Q}u) U2nUr2, Ur2U2h, uT3h3uT4h4 + u’r‘gh4u7’4h37 uT3h3uT4h4 - u’r‘4h3u7’3h4
| 2 2 T1,7‘2,7‘3,7‘4,h1 2 07 1 2 h,’/‘ 2 07 (rﬁhj) 7é (272)77“7j € {374}}

Note that uspure, urauszn € I by the relation (2') and (3’). Then I's = kQ)/I> has as a k-basis the
set U = {Liupn | (1yh) # (2,2)} U{tppyUmhy | 2 211 =210 = 0,2 = hy > hy > 0,(r1,hy) #
(2,2)} U{tp2Upy1tirgo | 1 =71 = 79 = 15 > 0}. Consider the ideal of T's,

I = <u7’1h1u7’2h2 o Ur by, | (’/‘17“2 “Tmyhihg - hm) ¢ Tm>

= (U12Ur1, Ur 2Upp1Upgo | L 27 20,1 21 =10 213 2 0),

and we have an epimorphism zz : Fg/fg — HH*(A3). Moreover, Fg/fg has a k-basis V = {1,u,p |
(ryh) # (2,2)} U {tp1tro | 2 211 = 19 2 0} U{ur2umo | 1 = 711 = 19 > 0} U {ugaugr }. Therefore
FQ/IQ = HH*(AQ) since dlmk FQ/IQ =19 = dlmk HH*(AQ)
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